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External post-tensioning is an attractive strengthening method for existing concrete 
structures.  Although analysis of externally prestressed beams requires consideration of 
the deformation of the whole member, current design is usually based on section analysis 
using assumed or calculated values for the tendon stress.  Past research works in this 
subject focused mainly on simple-span and continuous beams, whereas the external post-
tensioning of beams in RC frames was rarely investigated.   
This study was carried out to further study the application of external post-
tensioning in strengthening simple-span and continuous beams, as well as in strengthening 
beams in RC frames.  The study focused on: (1) proposal of a direct design and analysis 
method for strengthening simple-span and continuous beams with external tendons; (2) 
moment redistribution in continuous beams strengthened with external tendons and effect 
of secondary moments; and (3) secondary and tertiary effects in RC frames with beams 
strengthened by external post-tensioning. 
In the proposed direct method for strengthening design, two sets of equations, were 
established.  Of these, the “Refined Equations” account for the increase in load-carrying 
capacity due to both the vertical component of the prestressing force at deviators and 
anchorages, and the increase in area of the concrete compression zone.  The “Simplified 
Equations” on the other hand account for the former only.  Comparison of the equations 
with the test results of 124 simple-span beams and 23 continuous beams showed that the 
“Refined Equations” give reasonably accurate predictions of the increase in load-carrying 
capacity, while the “Simplified Equations” are generally conservative. 
 Summary 
 viii
Seven two-span continuous beams including one control beam were strengthened 
with external tendons and tested to failure.  Test parameters include tendon area, tendon 
profile and loading type.  The support reactions were recorded to study the moment 
redistribution.   
Moment redistribution in continuous beams strengthened with external tendons 
can be characterized into four phases, demarcated by first cracking, second cracking, and 
first yielding of internal steel reinforcement.  Elastic redistribution governs in the first 
three phases and is purely due to the distribution of stiffness along the beam.  After the 
internal steel reinforcement had started to yield, plastic redistribution occurred in addition 
to elastic redistribution.  Secondary moments affect the elastic redistribution, as they can 
change the sequence of first cracks in the beam.  At ultimate, moment redistribution at 
interior supports decreases with an increase in secondary moments.  Linear transformation 
of external tendons has no significant influence on the flexural behavior of the 
strengthened beams, as far as the deflection and ultimate load-carrying capacity are 
concerned. 
Four single-storey frames including two single-span and two double-span frames 
were strengthened with external tendons and tested.  The experimental study was 
compared with analytical study.  
Secondary effects are beneficial in frames under gravity load.  For frames with 
symmetrical layout, the secondary moments have no influence on the axial forces acting 
on the strengthened beams.  Tertiary effects may have a serious effect on the response of 
strengthened beams.  They lead to reduced flexural compressive stress on the beam, thus 
reducing the load-carrying capacity of the beam while increasing the beam deflection.  
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Tertiary effects also introduce moments and shear forces in the columns, which should be 
accounted for in design. 
Larger column section provides higher restraint on the beam deformation, leading 
to a stiffer load-deflection response and a lower increase in tendon stress.  The 
strengthened frames subjected to unequal loads on its spans exhibited lower load-carrying 
capacity and ductility and higher crack widths compared to frames subjected to equal 
loads on both spans.  The flexural response of the frames was not affected by the tendon 
profile, in terms of beams deflections at service load level.    
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1.1 EXTERNAL POST-TENSIONING AS A STRENGTHENING METHOD 
 
Concrete structures may become functionally deficient due to the increased 
loading, progressive aging of concrete and corrosion of internal steel reinforcement.  
When such functional problems happen, two options can be considered: either demolish 
the existing structures and rebuild it or strengthen it.  Normally, the latter is preferred over 
the former, based on the economic, environmental and social justifications.  External post-
tensioning has become one of the most attractive techniques for the strengthening of 
concrete structures. 
In this method, the tendons are installed on the outside of concrete sections and 
prestressed longitudinally along the beam axis.  Some of the advantages of this method are: 
1. Light weight of the system, as the weight of tendons, anchors and deviators are 
negligible compared with other methods of strengthening, and do not add much 
load to the structure; 
2. Easy installation and less interruption on the normal usage of the structure; and  
3. Possibility of re-stressing and replacement of tendons. 
Besides increasing the load-carrying capacity of beams, external post-tensioning is 
effective in controlling beam cracking and deflections.  A study by Harajli (1993) on 
sixteen simple-span beams showed that, the reduction in the deflection due to the post-
tensioning varies from 35% to 75%. Also, post-tensioning significantly reduced the 





External post-tensioning involves the installation of anchors and deviators to the 
structure with minimal disturbance to the existing structure.  The strengthening method 
allows the owner to continue using the buildings and only a small portion is closed for a 
short time while external tendons are installed.  A well known example of such a project is 
the rehabilitation of the Pier 39 Garage in San Francisco as reported by Aalami and 
Swanson (1988).  The existing parking structure suffered severe cracking at the roof and 
leaking problem due to insufficient protection of internal unbonded tendons.  The existing 
beams were strengthened by external post-tensioning; the anchors, deviators and precast 
members were fixed at night, and the external tendons were precut and pulled into their 
final position during the day shift.  Most stressing works were accomplished by jacking 
from the outside of the building.  This project demonstrates that the rehabilitation 
procedures through external post-tensioning can be carried out with practically no 
interruption to the regular functioning of the building. 
 
1.2 RESEARCH NEEDED IN THIS AREA 
 
As the tendons are placed on the outside of concrete sections, the analysis and 
design of RC beams strengthened with external tendons is member dependent and thus 
more complicated.  The external tendons are not bonded to the concrete and are free to 
move in between the deviators. The stress in the tendon is approximately constant through 
its length.  The maximum tendon stress at ultimate flexural strength limit state of the beam 
is lower than that of a beam with boned tendons; correspondingly, the load-carrying 
capacity of the beam is lower.  Although previous research (Naaman and Alkhairi 1991b) 
and existing codes (ACI 2008 and AASHTO 2004) provide equations to evaluate the 




strength, a more direct approach to determine the increase in load-carrying capacity due to 
the addition of external tendons would be useful. 
Reinforced concrete frames are common in building structures; in most cases, the 
beams and columns are monolithically cast together.  The continuity, which is present in 
the frame, offers many structural advantages compared with statically determinate 
structures.  The maximum moment and deflection are reduced significantly compared with 
simple-span beams under comparable loading.  The reduced moment and increased 
stiffness allow shallower section to be used, providing both functional and economic 
benefits.  The continuity gives higher resistance against the progressive collapse of the 
structures.  The failure of one section or one part of the structure, does not necessarily 
jeopardize the whole structure, as the load can be redistributed to other section or other 
parts of the structures, if the structure is designed with sufficient ductility and alternative 
load paths.   
Continuous structures also have some drawbacks, some are common to all the 
continuous structures, and some are specific to the prestressed structures.  Among the 
disadvantages common to all continuous structures are the occurrence of high moment and 
shear region over the interior support.  In continuous beam strengthened with external 
tendons, the strengthened beam may be prone to shear failure due to increased loading.  
Tan and Tjandra (2003) have investigated the problem and solutions in terms of tendon 
configuration were provided.    
Another aspect in the continuous structure is the moment redistribution.  The 
ultimate load-carrying capacity is related to the moment redistribution.  The extent of 




To date, the experimental investigation on the moment redistribution for continuous 
beams strengthened with external tendons is rare (Du 2000, Aravinthan 2005).  
Disadvantages also arise from the prestressing.  In continuous structures, the 
imposed deformation causes internal actions at the support and in the members.  When 
strengthening RC frame structures using external tendons, reactions are usually introduced 
at the supports when the external tendons are stressed.  The supports provide restraints to 
the deformation induced by the prestress, both in flexure and axial shortening.  The former 
results in secondary moment and shear in the structure, while the latter results in tertiary 
effect (Abeles and Bardhan-Roy 1981, Gilbert and Michleborough 1990) in the structures.   
In past studies on continuous beams strengthened with external tendons, the beams 
are free from axial restraint, thus only secondary moment need to be considered if the non 
concordant profiles are used.  However, for the frame structures, besides the secondary 
effect, the tertiary effect has to be accounted for in the design.  Although analytical studies 
on tertiary effect can be found in the technical literature, the experimental investigation is 
not available yet.  As to the tendon profile, its influence on the response of strengthened 
frame is not clear due to the limited report in literature (Du 2000).  
 
1.3 RESEARCH OBJECTIVES AND SCOPE OF RESEARCH  
This study was carried out to further study the application of external post-
tensioning in strengthening simple-span and continuous beams, as well as in strengthening 
beams in RC frames.   
The scope of the research covers:  
1. Evaluation of direct design method for simple-span and continuous beams 




2. Moment redistribution in continuous beams strengthened with external tendons 
and effect of secondary moments. 
3. Secondary and Tertiary effects in RC frames with beams strengthened by external 
post-tensioning. 
 
1.4 THESIS STRUCTURE 
This thesis consists of six chapters, including this chapter in which the general 
aspects of external post-tensioning as a strengthening method are discussed.  The research 
needed in this area and objective and scope of this research are also highlighted.    
Chapter 2 presents a comprehensive literature review on beams prestressed with 
external tendons.  Past research works are reviewed, covering the tendon stress at ultimate 
limit state, the second-order effects and strategy to consider its influence in the 
strengthened beams, and recommendations on tendon configurations in terms of relative 
prestressing index, tendon effective stress and tendon depth to satisfy serviceability 
requirement for the strengthened beams.  The past study on the shear deficiency and 
design implication, the secondary moments and moment redistributions are also discussed.  
At the end of this chapter, current design methods for beams strengthened with external 
tendons are reviewed. 
Chapter 3 presents a direct method for the design of simple-span beams 
strengthened with external tendons.  Based on a theoretical study, two set of equations, 
“Refined Equations” and “Simplified Equations” are proposed for direct determination of 
increase in load-carrying capacity.  The proposed equations are verified with the test data 




Chapter 4 is an extension of the study in Chapter 3.  Based on collapse mechanism 
analysis, a direct design method is introduced for the continuous beams strengthened with 
external tendons.  Two sets of equations, “Refined Equations” and “Simplified Equations” 
are proposed for direct determination of increase in load-carrying capacity.  A study based 
on strut-and-tie model yields the same results.  An experimental program including seven 
beams was carried out.  The predicted increase in load-carrying capacity was compared 
with the current test result and those reported in the literature.  The moment redistribution 
in continuous beams strengthened with external tendons and the influence of secondary 
moments, and the effect of linear transformation of external tendon are presented.  
Chapter 5 deals with the response of RC frames strengthened with external tendons.  
The secondary and tertiary effects are studied and the influences on the strengthened 
frames are discussed and a simplified method based on the concept of bond reduction 
coefficient is used to predict the response of the strengthened frame.  A test program 
which includes four single-storey RC frames strengthened with external tendons was 
carried out.  The effect of column stiffness, load pattern and tendon profile observed from 
the test was discussed. 
Chapter 6 summarizes the research work carried out in this study and highlights 
the main findings.  The guidelines for practical applications are given.  Also 









This chapter reviews the past research works on external post-tensioning of beams.  
Specifically, the following aspects are considered. 
(a) Tendon stress at ultimate limit state 
(b) Second-order effects 
(c) Serviceability requirement of beams strengthened with external tendons 
(d) Continuous beams strengthened with external tendons 
(e) Shear deficiency in beams strengthened with external tendons 
(f) Current design method for beams strengthened with external tendons  
 
2.2 TENDON STRESS AT ULTIMATE LIMIT STATE 
In external post-tensioning, tendons are fixed outside of concrete sections, and 
attached to the beam by anchors and deviators at discrete locations.  The assumption of 
perfect bond between the tendons and surrounding concrete as in the beams prestressed 
with internal bonded tendons is no longer valid, as the relative displacements of concrete 
and external tendons are not prevented.  The tendon stress at any load level in the response 
history depends on the global deformation of the whole structure.  This makes the tendon 
stress member dependent rather than section dependent.   Thus the ultimate tendon stress 
and consequently, the flexural capacity of the member should be evaluated through a 




In the past decades, numerous experimental and analytical investigations have 
been conducted on the beams prestressed with unbonded tendons, including internal 
unbonded tendons and external unbonded tendons, to identify the factors that influence the 
increase in the tendon stress.  These studies have indentified many such parameters, 
including among others the concrete compressive strength, amount of prestressing tendons 
and non-prestressed reinforcement, span to depth ratio and tendon length between the 
anchorages.  Findings from the investigations have served as the basis of prediction 
equations for tendon stress in various codes.  
 A comprehensive review of the state-of-the art up to 1991 was carried out by 
Naaman and Alkhairi (1991a), while Manisekar and Senthil (2006) reported another 
review up to 2006.  A common approach for determining the ultimate stress in the 
unbonded tendons, psf , is given in the following format, 
pspeps fff Δ+=          (2.1)  
where pef  is the effective tendon stress, while psfΔ  is the increase in the tendons stress 
beyond the effective stress. 
Provided that the second-order effects have been minimized, the current design 
codes normally do not differentiate between the internal unbonded tendons and external 
unbonded tendons in the stress equation and a unified equation is given for unbonded 
tendons.  With these equations, the complicated non-linear analysis can be avoided and a 
local section analysis at a few critical sections can be used for beams strengthened with 
external tendons.    











70 ++=         (2.2)  
where Cff peps +≤  and pyps ff ≤ , in which pef  and pyf  are the effective tendon stress 
(MPa) and yield strength (MPa) of the tendons respectively, 'cf  is the concrete 
compressive strength (MPa), pρ  is prestressing steel ratio, 100=B  and 420=C  for 
35/ ≤pdL , 300=B  and 210=C  for 35/ >pdL , where L  is effective span and pd  is 
tendon depth. 
 However this equation has been criticized by some researchers (Allouche et al. 
1998) to be over-simplified, due to the following reasons: 
1) It is based on a single parameter pcf ρ/'  
2) The equation is not continuous at pdL / =35 
3) It does not consider the presence of non-prestressed reinforcement 
4) It is derived from simply-supported fully prestressed members 
5) It is not consistent when used in a continuous beam with a non-symmetric section, as 
the stress predicted at mid-span and interior support will be different. 
Based on Naaman and Alkhairi’s work (1991b), the 1st edition of AASHTO LRFD 










1εε      (2.3)   
where ceε  is pre-compression strain in concrete at the tendon level, cuε  is the ultimate 




lengths of loaded spans containing the tendons being considered, 2L  is the total length of 
tendons between anchorages and uΩ  is the bond reduction factor, which for simple-span 
beams is given by, 
p
u dL /




0.3=Ω    (for 2 point loads and uniform load)   (2.4b) 
Equation (2.3) simplifies the analysis of beams prestressed with unbonded tendons 
to that of beams with bonded tendons through the use of bond reduction coefficient.  
Aparicio and Ramos (1996) noted that the value of bond reduction coefficient was 
determined based on experimental beams of short span length and span-to-depth ratio of 
the beams varying from 7.8 to 45, the range of which was too wide for an actual bridge 
configuration. 
Considering the investigations carried out by MacGregor (MacGregor 1989a, 
MacGregor et al. 1989b), the 2nd edition of AASHTO LRFD Bridge Design Specification 
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where yc  is the depth of neutral axis and calculated assuming all internal reinforcement 
steel and prestressing steel crossing the hinge opening are yielded, eL  is the effective 
tendon length, which is taken as equal to the span for simple-span beam, and for 
continuous beams is given by,.  
2/1 N
L




 in which tL  is the length of the tendon between anchorages and N  is the number of 
support plastic hinges required to form a mechanism crossed by the tendons.   
Recently, Roberts-Wollmann et al. (2005) gave a detailed account on the 
simplified approach proposed by MacGregor et al. (1989b), which was based on 
experimental test of ¼ scale models of externally prestressed continuous precast 
segmental concrete box girders.  The tests showed that ultimate load-carrying capacity 
was achieved after the formation of a collapse mechanism; the rotation at the mid of span 
was approximately twice the rotation at support hinge.  MacGregor selected Tam and 
Pannell (1976) equation as a starting point for simple-span beam, and included factor N  
to consider different critical span, 1N =  for collapse mechanism occurring within the end 
span and 2N =  for collapse mechanism occurring within the interior span.  Equation (2.5) 
has remained to be used in AASHTO LRFD Bridge Design Specification 3rd edition 
(AASHTO 2004).   
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where el  is the length of the tendon between the end anchorage divided by the number of 
plastic hinges required to develop a failure mechanism in the span under consideration.    
For prestressed members with permanent unbonded tendons, Eurocode 2 (2004) 
allows the increase in tendon stress to be calculated by taking into account the 
deformation of the whole member and using the mean values of the material properties.  
Otherwise, the increase in tendon stress may be assumed.  The assumed value, ULSp,σΔ , to 
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where puf  is the ultimate tensile strength of tendons, psA  is the tendon area, cuf  is the 
concrete cube compressive strength and b  is the width of beam or effective width of the 
section.  
 Equations (2.5), (2.7) and (2.8) are similar in format; in fact these three equations 
are based on the concept of equivalent plastic hinge length, which was first proposed by 
Pannell (1969) as noted by Au and Du (2004).  
 From the code recommendations, the formulation based on the concept of plastic 
hinge length is prevalent since it includes the tendon length as a parameter.  Harajli (2006) 
concluded that AASHTO LRFD approach (Eq. 2.5) was more rational than the ACI 
equation (Eq. 2.2) as the ACI equation neglected the effect of multi-span or loading 
pattern in continuous beams; Eq. (2.5) was conservative when considering only one span 
forming the collapse mechanism, also it would be inconsistent with the evaluation of 
negative moment capacity at an interior support that required simultaneous loading on two 
adjacent spans.  Thus it was more rational to consider the actual collapse mechanism to 
determine the tendons stress. 
 
2.3 SECOND-ORDER EFFECTS  
External tendons are free to move relative to the beam axis between the anchors 
and/or deviators, with increased deformation of the strengthened beam under external load.  
This is known as second-order effect.  It leads to reduced tendon eccentricity and 




Analysis by Alkhairi and Naaman (1993) shows that the eccentricity reductions at 
ultimate limit state for beams with span-to-depth ratio less than 16 were less than 10% and 
could be safely neglected, but for beams with span-to-depth ratio greater 24, the reduction 
in eccentricity could reach up to 25%.  Mutsuyoshi et al. (1995) reported that the second-
order effect could reduce the flexural capacity of beams by up to 16%.   
Harajli et al. (1999) found that the second-order effect was influenced mainly by 
the configuration of deviators, the profile of tendons and the magnitude of inelastic 
deflection mobilized at failure load.  Compared with two point loads or uniform load, 
single concentrated load produced less second-order effect as it mobilized lower inelastic 
deflection.  
The second-order effect can be accounted for in two ways.  One way is to 
minimize the second-order effect by provision of sufficient numbers of deviators in the 
strengthened beams, which was recommended by Tan et al. (1997) and implicitly 
endorsed by ACI code (ACI 2008).  Based on a detailed study on the second-order effect 
on the simple-span beam strengthened with external tendons, Tan et al. (1997) 
recommended that for beams with span-to-depth ratio, pdL / , less than 20, one deviator 
should be provided at the mid-span section; for beams with span-to-depth ratio more than 
20, two deviators, one each at the one-third span section should be provided.  
If the deviators can not be provided as per recommendation, the second-order 
effect has to be considered in the calculation of moment capacity of the strengthened beam.  
This may be achieved through the modification of tendon stress or tendon depth at 




Based on a parametric study, Mutsuyoshi et al. (1995) modified the bond reduction 
coefficient in Naaman’s Equation (Naaman and Alkhairi 1991b) and introduced a depth 
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where 0psd  is the initial distance from the top compression fiber of concrete to the tendons 
or initial tendon depth, c  is the depth of neutral axis, uΩ  is the bond reduction coefficient 
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LR +−−−=    (2.11) 
in which dM  is the moment due to prestressing force, L  is the beam span, b  is the width 
of beam and dS  is the distance between the two deviators placed symmetrically with 
respect to the center line of the beam. 
Tan et al. (1997) noted that, for beams with the same 
L
Sd  but different span length, 
second-order effects would be larger in those beams with a longer span because of larger 
beam deflections at ultimate limit state.  Tan et al. (1997) gave a modified equation for the 
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       (2.13b) 
where sL  is the distance from the beam support to the point load and h  is the beam height. 
 By comparing with the test results, Tan et al. (1997) found that, Eq. (2.12) yields 
better correlation for both the stress increase and ultimate stress for external tendons.  On 
the other hand, although Eq. (2.9) gives good correlation for ultimate tendon stress, the 
correlation for increase in tendon stress is relatively poor. 
  Aravinthan et al. (1997) studied various factors that influence the second-order 
effect, which include: distance between deviators-to-span ratio (
L
Sd ), loading span-to-
span ratio (
L
Lp ), span-to-effective depth ratio (
psd







int, ), prestressing steel ratio and reinforcing steel ratio.  The bond reduction 




























 for third point loading    (2.14b) 





















d  for third point loading   (2.15b) 
 Ghallab and Beeby (2002) used Eqs. (2.14) and (2.15) to predict the flexural 
capacities of twelve simple-span partially prestressed beams strengthened with external 
FRP tendons (type G Parafil rope); the predicted moment capacities of strengthened 
beams were very close to observed values. 
 
2.4 SERVICEABILITY REQUIREMENT OF BEAMS STRENGTHENED 
WITH EXTERNAL TENDONS 
External post-tensioning can be used to enhance the load-carrying capacity of the 
strengthened beam; meanwhile, the serviceability requirements of the strengthened beam 
have to be satisfied in terms of deflection and maximum crack width. 
Tan and Ng (1997) has tested 26 simply-supported beams strengthened with 
external steel tendons.  Based on the experimental study, the following recommendations 
were made on the selection of the tendon stress and tendon configuration to satisfy 
serviceability requirements: 
1. The relative prestressing index χ , which is defined as the ratio of the prestressing 
index ( '/ cpyps ffρ ) to the internal steel reinforcement index ( '/ cys ffρ ), should be 
kept between 1 and 2.5.  
2. The effective tendon stress, pef , should be between 0.4 and 0.65 times of the ultimate 
strength of the external tendons, puf . 





4. Sufficient numbers of deviators should be provided to minimize the second-order 
effect, as stated in Section 2.3. 
 
2.5 CONTINUOUS BEAMS STRENGTHENED WITH EXTERNAL TENDONS 
2.5.1 Previous Studies 
Earlier works on beams strengthened with external tendons were focused on 
simple-span beam; studies on continuous beams were seen only during the last decade.  
Aparicio and Ramos (1996) noticed that the majority of Europe bridge codes were 
too conservative due to ignoring the increase in tendon stress beyond the effective stress 
while the American codes recommended unreasonably high stress increase up to yielding.  
Based on a finite element study on the externally prestressed concrete bridges, they 
proposed tendon stress increase, psfΔ , for continuous bridges as follows: 
1. For continuous monolithic box girder bridges: psfΔ  varies from 20 to 90 MPa.  
The increase in tendon stress depends on the span-to-depth ratio and the 
prestressing tendon length between the anchorages.  In the study, the tendons 
anchored in every span registered highest tendon stress increase, followed by the 
tendons anchored in every two spans.  The tendons anchored in every three spans 
had the lowest tendon stress increase.  
2. For continuous segmental box girder bridges:   psfΔ =39 MPa   (2.16) 
Du (2000) tested two double-span continuous beams strengthened with external 
tendons; the tests included a preloading process.  The tests showed that, external 
prestressing reduced the beam deflection and crack width during the preloading process.  




and 124%.  Beam strengthened with tendons singly-draped at loading point showed better 
control of crack width and higher increase in load-carrying capacity than the beam with 
straight tendons.   
Tan and Tjandra (2002) investigated two-span continuous beams prestressed with 
external steel tendons and FRP tendons.  It was shown that, the localized tendons 
anchored within beam spans were effective in enhancing the flexural performance of 
strengthened beams.  Tendons provided over mid-span were more effective in reducing 
the beam deflection and crack width, and increasing the load-carrying capacity than those 
provided over interior support.  Pattern loading reduced the beam capacity, caused higher 
crack width and larger deflection.  Beams strengthened with FRP tendons were similar to 
those with the steel tendons as far as the load-carrying capacity, deflection and maximum 
crack width are concerned.  
Harajli et al. (2002) tested nine continuous beams strengthened with external 
tendons.  Except for one beam which failed in shear-type failure, all other beams failed in 
flexural mode by forming a collapse mechanism.  Beams with straight tendons showed 
lower load-carrying capacity due to the severe second-order effect; on the other hand, 
beams with draped tendons registered a higher load-carrying capacity.  It was shown that 
the span-to-depth ratio had a significant effect on the tendon stress increase for beams 
loaded with a single concentrated load due to a short plastic hinge length.  When the 
plastic hinge length increased, the span-to-depth ratio had negligible effect.   
Aparicio et al. (2002) tested six single-span beams and two double-span beams 
which were made partially continuous by using doubly-draped external tendons.  The 
continuous beams were loaded in one span, in the first test during which the tendons were 




was found that reducing the tendon length by half caused a 5% increase in the load-
carrying capacity of the beam, which indicated that the tendon length had a significant 
influence on the behavior of externally prestressed continuous concrete beams and must 
be taken into account in calculating the tendon stress increase.  The finding agreed with 
their previous finite element study (Aparicio and Ramos 1996)   
Aravinthan et al. (2005) studied the behavior of continuous beams with external 
tendons; the investigation includes six two-span continuous beams and three simple-span 
beams with high eccentricity external tendons.  The test results showed that, under 
symmetric load, the external tendons yielded in the ultimate state due to the high 
eccentricity.  The linear transformation of external tendons did not affect the flexural 
behavior of the beams.  Another aspect investigated on the use of external post-tensioning 
was to render simply-supported beam partially continuous by installing tendons over the 
interior support, thereby increasing the load-carrying capacity of the beams.   
Machida and Chakree (1999) studied partially prestressed precast concrete beams 
strengthened with external tendons.  The specimens included one single-span beam, one 
monolithic two-span continuous beam, and three partially continuous beams which were 
made continuous by providing straight external steel tendons over the interior support.  All 
the beams have the same dimensions, internal reinforcement, and internal prestressing 
force.  The study showed that the behavior of partially continuous beam fell between the 
single-span beam and monolithic continuous beam.  The degree of continuity was related 
to the force applied in the external tendons; the higher the external tendon forces, the 
closer the behavior to the continuous beams.  
Tan and Tjandra (2003) tested four partially continuous reinforced concrete beams 




support of two single-span RC beams.  For one specimen, localized tendons were 
provided within the span.  It was shown that installation of external tendons at interior 
support increased the load-carrying capacity of simple-supported beams with sufficient 
ductility at ultimate.  Higher prestressing force reduced the joint opening and rotations.  
Extra tendons at span increased the beam load-carrying capacity further and the beam 
showed better control on the deflection, crack width and joint rotation.  The behavior of 
strengthened beam using FRP tendons was similar as those using steel external tendons.  
Grace (2000) tested four double-T girders, comprising of two partially continuous 
beams which were made by connecting single-span prestressed girders by longitudinal 
doubly-draped continuous CFRP external tendons; the girders were also prestressed 
transversely.  It was observed that repeated loading had no influence on the external 
tendon forces, the use of continuous CFRP external tendons and CFRP grid in web and 
slab resulted in ductile bridge system, the ultimate load-carrying capacity of two-span 
continuous bridge is about 1.5 times that of a simply-supported bridge using the same 
construction components. 
2.5.2 Secondary Moments And Moment Redistribution  
Compared with simple-span beams, continuous beams have two major differences: 
one is the existence of secondary moment and the other is moment redistribution.  When a 
continuous beam is strengthened with non-concordant tendons, the supports will provide 
restraint to the deformation due to prestress.  Reactions are consequently introduced in the 
support, thus producing secondary moments and shear forces in the beam.  Despite its 
confusing name, the magnitude of secondary moment can be quite high, and have to be 




At serviceability state, the strengthened beam can be analyzed by superposing the 
secondary moment with the moment due to the external load.  The secondary moment can 
also be treated using load-balancing method (Lin 1963) if the beam is not cracked.  
Lin and Thornton (1972) studied the presence of secondary moments in two 
continuous prestressed beams with non-concordant profiles.  They recommended that the 
secondary moments be included in the design of the beams at ultimate unless full moment 
redistribution could be achieved.    
Cohn and Frostig (1983) conducted a numerical study on the secondary moments 
and moment redistribution in prestressed continuous beam and concluded that, secondary 
moments could be considered as an invariant through all levels of loading stage.  The 
secondary moments have no influence on the load-carrying capacity of the beam if a 
collapse mechanism can form at ultimate.  Du (2000) measured the support reactions in 
test beams, which showed that secondary moments existed until failure of the beams. 
ACI code (ACI 2008) recommends that the design moment should be the sum of 
secondary moment and the moment due to factored load, and the load factor for the 
secondary moment should be 1.0. 
Aravinthan et al. (2005) showed that the secondary moment determined with 
external tendon stress at cracking load should be used for the design of continuous beams 
strengthened with high eccentricity tendons. 
In continuous beam, the bending moment at any section can be determined based 
on a linear elastic analysis provided that the beam behavior is within the elastic limit.  
Beyond that, the structure will behave in nonlinear way, the moment at a particular section 




difference between the actual moment and the moment based on linear elastic analysis is 
referred as moment redistribution.   
Moment redistribution enhances the resistance of structures to progressive collapse, 
as failure of one section or one portion of the structures does not jeopardize the whole 
structure, for the load can be distributed to other parts of the structure if the structure is 
ductile and alternative load path is available.  Moment redistribution also provides a 
powerful tool for the designer; it allows the designer to narrow down the envelope of 
bending moment and achieve a cost-efficient design.  For the strengthening of existing RC 
beams, moment redistribution is even more important, as it affects the layout of external 
tendons thus allows the load to be transferred from less efficient sections to more efficient 
ones.  The ultimate load-carrying capacity is thus related to the moment redistribution.   
Lopes et al. (1997) studied seven beams, each comprising two precast beams made 
continuous using cast-in-place slabs.  One internal parabolic post-tensioned tendon was 
provided through the interior support.  It was observed that after an initial linear behavior 
stage, the deviation from elastic response started and increased with the load applied on 
the beam.  The maximum deviation from elastic response did not necessarily occur at the 
ultimate load.  In the tests, full redistribution was observed for all the beams.   
Du (2000) found that beams with straight tendons registered higher moment 
redistribution than beams with draped tendons.  Aravinthan et al. (2005) showed that for 
beams strengthened with external tendons of high eccentricity, the beams with higher 






2.6 SHEAR DEFICIENCY IN BEAMS STRENGTHENED WITH EXTERNAL 
TENDONS 
Based on the study of simple-span beam strengthened with external tendons, Tan 
et al. (1997) found that the gain in the shear strength was not commensurate with the gain 
in the flexural strength, and the strengthened beam may failed by shear.  Due to its sudden 
and catastrophic nature, shear failure should be avoided.  The study showed that, 
decreasing the concrete strength or the amount of transverse reinforcement leads to shear-
type failure.  When appropriate concrete strength and amount of shear reinforcement were 
provided, the beam would fail in flexure, even for the shear span-to-effective depth ratio 
as low as 2.5. 
Due to the continuity in the beams, high shear and high moment occurs at the 
interior supports, making continuous beams more susceptible to shear deficiency.  Tan and 
Tjandra (2003) conducted experimental and analytical studies on this problem.  It was 
concluded that shear capacity governed the degree of strengthening and ignoring this 
would lead to undesirable shear-type failure.  Adopting draped or parabolic profile 
reduced the high-shear zone, particularly if deviators could be provided near or exactly at 
the interior support.  The parametric studies indicated that continuous beams with low 
concrete strength and span-to-effective depth ratios were more susceptible to shear-type 
failure. 
 
2.7 CURRENT DESIGN APPROACH FOR BEAMS STRENGTHENED WITH 
EXTERNAL TENDONS 
The design for beams strengthened with external tendons starts with structural 




the design load, and moments at critical section are obtained and compared with the 
respective flexural capacities. 
The behavior of beams strengthened with external tendons is conceptually the 
same as beams with internal unbonded tendons.  The flexural capacity of the strengthened 
beams can be determined based on conventional section analysis.  However there are two 
major differences between the two systems.   
1. In beams with internal unbonded tendons, the internal tendons remain in contact 
with the surrounding concrete; hence the eccentricity remains unchanged.  
However, for beams with external tendons, the tendons are free to displace relative 
to the beam axis when load are applied, giving rise to second-order effects.   
2. Internal unbonded tendons can provide dowel action and increase the shear 
capacity of the beam, but external tendons can not offer this action.   
To make it possible to compute the flexural strength in accordance with the code 
procedure, ACI code (ACI 2008) requires that the second-order effect be minimized by 
attaching the tendons to the concrete members and maintain the eccentricity throughout 
the full range of expected member deflection.   
In simple-span beams, the moments and shear forces can be easily determined at 
critical sections.  For continuous beams or frames, the loading effects have to be obtained 
through a more complicated structural analysis.  The structural analysis can be based on 
two commonly used methods, elastic analysis or plastic analysis.   
In elastic analysis, the moments at all sections are assumed to increase linearly 
with the load, until the flexural capacity at a section is reached, thus establishing the 
ultimate load.  As pointed out by Nilson (1987), this method is conservative, as it neglects 




collapse.  This method is also inconsistent for concrete structures, as the flexural 
resistance of individual sections in beams and frames are established based on nonlinear, 
inelastic material behavior.    
The plastic analysis assumes that, at a certain load level, a plastic hinge formed at 
the critical section.  If the beams have sufficient rotation capacity, the beam would be able 
to redistribute the additional load to other sections.  With sufficient plastic hinge formed 
in the beams, a collapse mechanism is formed and the ultimate load can be established.  
Tan and Tjandra (2007) demonstrated that such method could be used for continuous 
beams strengthened with external tendons.  For the plastic method to be valid, the beam 
critical section must have sufficient rotation capacity.   
Building codes normally recommend linear-elastic analysis for the structures and 
allows a limited moment redistribution to be carried out.  ACI code (ACI 2008) 
recommends elastic analysis for the structures, but allows the elastic moment at support to 
be increased or decreased  by tε1000 , with a maximum increase or decrease of 20%, 
where tε  is the net tensile strain in the extreme layer of longitudinal tension steel at 
nominal strength.  The code also states that redistribution of negative moment can only be 
made when tε  is equal to or greater than 0.075 at the section at which the moment is 
reduced.  
Eurocode 2 (2004) allows four methods to be used, that is, linear elastic analysis, 
linear elastic analysis with limited redistribution, plastic analysis and non-linear analysis.  
In continuous beams and slabs, the code permits the moment redistribution to be carried 













2εδ ++≥  for 50>ckf  MPa    (2.17b) 
where δ  is the ratio of redistributed moment to the elastic bending moment, 2cuε  is the 
concrete ultimate strain, ux  is the depth of neutral axis, d  is the effective depth of the 
section and ckf  is the characteristic cylinder strength of concrete.  Also 5k≥δ  (for class 
B and C reinforcement) and 6k≥δ  (for class A reinforcement), 5k  and 6k  are 
recommended as 7.05 =k  and 8.06 =k  by the code. 
BS8110 (BSI 1997) recommends a linear elastic analysis for the structure and 
allows redistribution of moment with a maximum of 20%.  The code also requires that, the 
neutral axis depth x  of a section where the design moment is reduced, should not be 
greater than db )5.0( −β , where d  is the effective depth and bβ  is the ratio of moment 
after redistribution to the elastic moment due to ultimate loads at the section considered.  
 
2.8 SUMMARY 
The external tendon stress is member dependent instead of section dependent.  
Equations for tendon stress equations based on equivalent plastic hinge length are 
prevalent in the code formulation, as they include the parameter of tendon length.  To 
simplify the design of beams strengthened with external tendons, the ultimate tendon 
stress can be determined based on the code recommendations and check is carried out at 




strengthened with external tendons, but it can be minimized by provision of sufficient 
number of deviators.   
For beams strengthened with external tendons, the serviceability requirements can 
be deemed to be satisfied if the tendon stress and profile satisfy the recommendations 
stated earlier.   Shear deficiency has to be considered in advance and proper treatment 
should be provided.  Past studies on continuous beams prestressed with external tendons 
assumed that the beams are free to undergo axial shortening, and studies on the influence 
of axial restraint are rare.   
Moment redistribution in continuous beams is an important issue, as it affects the 
ultimate design of the strengthened beams; thus it deserves further research before a full 
understanding could be obtained.  
Current design for beams strengthened with external tendons follows the same 
method for beams with internal unbonded tendons if second-order effect is minimized.  
Normally design codes recommend elastic analysis to be used to determine the design 
moments for critical sections and allow the elastic moment to be redistributed. 
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CHAPTER 3 
DIRECT DESIGN METHOD FOR SIMPLE-SPAN BEAMS 




This chapter presents a direct design approach for simple-span beams strengthened 
with external post-tensioned tendons.  Two sets of equations, termed “Refined Equations” 
and “Simplified Equations”, are proposed.  Using these equations, the tendon profile, area 
and eccentricities required for a simple-span beam to carry a specified additional load can 
be determined.  Conversely, the increase in load-carrying capacity for a given tendon 
configuration can also be determined from these equations.  A comparison with test results 
from previous investigations was carried out to determine the validity of these proposed 
equations. 
 
3.2 PROPOSED DIRECT DESIGN APPROACH 
3.2.1 Theoretical Background 
Consider a simple-span beam with a rectangular cross-section as shown in Fig. 3.1.  
Under symmetrical loadings such as a mid-span concentrated load, third-point loads or 
uniform load, the mid-span section corresponds to the critical section in bending.   
Assuming that the internal steel bars yield at ultimate limit state and ignoring 
compressive reinforcement if any, the moment capacity of the critical mid-span section is 





dTM sn −=          (3.1) 
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where 0T  is the force in the tensile reinforcement, sd  is the effective depth of the tensile 
reinforcement and 0a  is the height of equivalent stress block in the concrete compression 








Ta ==         (3.2)  
in which sA  is the area and yf  is the yield strength of the internal tensile reinforcement, 
b  is the beam width and 'cf  is the concrete cylinder compressive strength. 
After the addition of external tendons, the flexural capacity of the critical section 
will increase from 0nM  to nsM  as shown in Fig. 3.2.  Again, assume yielding of the 
internal reinforcement at ultimate limit state and no friction between the tendons and 
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where psF  is the tendon force, pd  is the effective depth of the external tendon, and a  is 
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in which psA  is the external tendon area and psf  is the tendon stress. 
In view of Eqs. (3.1) and (3.3), the increase in moment capacity of the critical mid-
span section is: 
  
  







+−=−=Δ       (3.5) 
Introducing the effective tendon depth at mid-span as: 
tmp yed +=           (3.6) 
where me  is the tendon eccentricity at mid-span section and ty  is the distance between the 
extreme concrete compression fiber and the centroid of the section. 




aK ==           (3.7) 
where 0c  and c  are the neutral axis depth before and after strengthening, Eq. (3.5) can be 





yeFM tmpsn +−+=Δ        (3.8) 
An upper limit can be imposed on the value of K  by requiring the strengthened 
beam to remain under-reinforced in flexure, that is, failure to be tension controlled.  For 
this to occur, ACI code (ACI 2008) specifies that the net tensile strain in the extreme 
tension steel at nominal strength shall be equal to or greater than 0.005, which requires  
sdc 375.0≤ , where c  is the depth of the neutral axis of the section.  Substituting 




dK s=           (3.9) 
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where pρ  is prestressing steel ratio ( pps bdA /= ) and sρ  is the internal reinforcement 
ratio ( ss bdA /= ).  As pyps ff ≤ , where pyf  is the yield strength of prestressing steel 
tendon (which corresponds to the stress at a total strain of one percent for wires and 
strands and 0.7 percent for bars), another limit value of K  is given by substituting 





K χ+= 1           (3.11) 






ρχ =           (3.12) 
 
3.2.2 Strength Enhancement Due to External Tendons 
In the load-balancing method of design (Lin 1963), the prestressing tendon profile 
is chosen such that the moment diagram due to the prestressing force matches that due to 
the applied loads.  The same concept of matching the tendon profile to the load pattern can 
be used for beam strengthening with external tendons (see Fig. 3.2a).  For simple-span 
beams carrying a point load at mid-span, tendons singly-draped at mid-span are required 
to exactly balance the moment due to the point load.  For simple-span beams carrying 
two-point loads, tendons doubly-draped at the loading points are required.  For simple-
span beams carrying uniform load, parabolic tendons are desirable.   
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Once the increase in moment capacity of the critical mid-span section has been 
determined from Eqs. (3.8) and (3.9) or (3.11), the increase in load-carrying capacity nPΔ  
of the beam can be calculated by considering moment equilibrium at critical section.  

















+=Δ        (3.13) 
(b)  For beams subjected to a symmetrical two-point load, 
2
lPM nn













+=Δ        (3.14) 
where l  is the distance of a loading point to the nearer support. 
(c)  For beams under uniform load,  
8
2LwM nn













+=Δ=Δ      (3.15) 
where nwΔ  is the increase in the uniform load. 
Equations (3.13) to (3.15) can also be derived by considering strut-and-tie models 
as shown in Fig. 3.3.  The node C is located below the loading point at mid-depth of the 
compression zone attributed to the external tendons as shown in the rightmost diagram of 
Fig. 3.2(b).  In Fig. 3.3(a), by considering the vertical force equilibrium at node C, the 
increase in load-carrying capacity is shown to be: 
γθθ tancos2sin2 pspsn FFP +=Δ        (3.16) 
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where θ  is the inclination of the tendon to the beam axis and γ  is the angle between the 
















=γ       (3.18) 
Assuming small values of θ , then the terms θsin  and θcos  in Eq. (3.16) can be replaced 
by θtan  and 1 respectively.  Substituting the values of θtan  and γtan  from Eqs. (3.17) 
and (3.18) respectively into (3.16) gives the same result as Eq. (3.13).  Using the same 
procedure, Eq. (3.14) can be obtained for beams subjected to symmetrical two-point load 
(Fig. 3.3b) and Eq. (3.15) can be derived for beams under uniform load. 
Equations (3.13) to (3.15) each consists of two terms. The first corresponds to the 
load balanced directly by the tendons.  The second term arises from the increase in 
concrete compression zone.  These equations are termed “Refined Equations”. 
Omitting the second term in Eq. (3.13) to (3.15) leads to a set of equations:  
(a)  For beams subjected to a mid-span point load: 
L
eFP mpsn 4=Δ           (3.19) 
(b)  For beams subjected to a symmetrical two-point load: 
l
eFP mpsn 2=Δ           (3.20) 




8=Δ           (3.21) 
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 which give conservative estimate of the increase in load-carrying capacity.  These are 
termed “Simplified Equations”, which are dependent on the tendon profiles only and are 
independent of the properties of the original beam.  Table 3.1 summaries the set of 
“Refined” and “Simplified” equations. 
3.2.3 Tendon Stresses 
To use the “Refined Equations” or “Simplified Equations” either to determine nPΔ  
due to the provision of the external tendons, or the tendon area psA  required to carry the 
additional load, nPΔ , the tendon stress psf  at ultimate flexural limit state must be known.  
Three equations for psf  that have been proposed are considered herein. 
ACI Equation (ACI 2008) 






70 ++=          (3.22)  
where Cff peps +≤  and pyps ff ≤ , in which pef , pyf  are the effective tendon stress (MPa) 
and yield strength (MPa) of the tendons respectively, 'cf  is the concrete cylinder 
compressive strength (MPa), pρ  is prestressing steel ratio, 100=B  and 420=C  for 
35/ ≤pdL , and 300=B  and 210=C  for 35/ >pdL , where L  is effective span and pd  
is initial tendon depth. 
MacGregor’s Equation (Roberts-Wollmann et al. 2005, Du 2006)   





Eff ≤−+= 0315.0        (3.23) 
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where pef  is the effective tendon stress, pd  is the effective tendon depth, c  is the neutral 
axis depth at critical mid-span section, L  is the beam span and psE  is elastic modulus of 
the tendon. 





Eff ≤−+= 00315.0       (3.24) 
Naaman’s Equation (Naaman and Alkhairi 1991b) 





EEff ≤−Ω+Ω+= εε      (3.25) 
where ceε  is pre-compression strain in concrete at the tendon level, c  is the neutral axis 
depth at the critical section, cuε  is the ultimate concrete compression strain, uΩ  is the 
bond reduction factor, which for simple-span beams is given by, 
p
u dL /




4.5=Ω    (for 2 point loads and uniform load)   (3.26b) 







−Ω+Ω+=       (3.27) 
3.2.4 Application to “Non Load-Matching” Tendons 
In Fig. 3.2, the external tendons are arranged such that the bending moments at 
sections along the beam length are equal and opposite to the bending moments due to the 
increased external load.  Such tendons are termed “load-matching tendons” in this study.  
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For beam provided with “non load-matching tendons”, the equations for the increase in 
load-carrying capacity are obtained using strut-and-tie models shown in Fig. 3.4.  
Fig. 3.4(a) shows the case of a beam with straight tendons carrying two-point loads.  
The increase in load-carrying capacity can be determined by considering force equilibrium 
at nodes C or D, that is: 
1tan2
γpsn FP =Δ           (3.28) 











=γ      (3.29) 













+=Δ        (3.30) 
which is the same as Eq. (3.14).   Thus as far as the increase in load-carrying capacity is 
concerned, there is no difference between a straight and doubly-draped tendon. 
 For a beam with a singly-draped tendon under two-point loads as shown in Fig. 













+=Δ        (3.31) 


















+=Δ       (3.32) 
where g  is the distance of the draped point to the nearer support. 
 
3.3 VERIFICATION OF THE PROPOSED DESIGN APPROACH 
Test data from existing literature were used to verify the validity of the proposed 
equations.  These include test results of externally prestressed beams and internally post-
tensioning beams with unbonded tendons which exhibit similar response as externally 
prestressed beams.  A total of 124 simple-span beams from previous researchers (Tan et al. 
1997, Tan and Ng 1997, Tan 2006, Harajli 1993, Khairallah and Harajli 1997, Harajli and 
Kanj 1991 and 1992, Chakrabarti et al. 1989, 1994, Chakrabarti 1995, Du and Tao 1985, 
Tam and Pannell 1976, Campbell and Chouinard 1991, Kobayashi and Nieda 1991) were 
considered.  The beams comprise rectangular and T-beams, with span-to-depth ratios 
( pdL / ) varying from 7.5 to 55.2, and reinforcement ratios ( sρ ) from 0.11% to 2.44%.  
The tendon profiles include straight, singly-draped, doubly-draped and parabolic profiles.  
The details are shown in Table 3.2. 
 The load-carrying capacity 0nP  of the un-strengthened beams was first calculated 
using conventional flexural theory based on strain compatibility.  The observed increase in 
load-carrying capacity, nsPΔ , is obtained by deducting the value of 0nP  from the observed 
load-carrying capacity of the strengthened beams, nsP . 
 The predicted increase in load-carrying capacity of the strengthened beam prednP ,Δ  
based on “Refined Equations” and “Simplified Equations” are denoted as XnP 1Δ  and 
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XnP 2Δ  respectively, with the subscripts X = 1, 2 and 3 indicating the equations based on 
which the tendon stress is evaluated, that is, ACI equation [Eq. (3.22)], MacGregor’s 
equation [Eq. (3.24)] and Naaman’s equation [Eq. (3.27)], respectively.  






Δ  are summarized in Table 3.3.  The 
predicted increase in load-carrying capacities is plotted against the observed values in Figs. 
3.5 to 3.6 for values of K  given by Eq. (3.9) and (3.11) respectively.  The solid lines 
represent perfect correlation, and the dash lines indicate a ± 20% deviation.  
From Tables 3.3, and Figs. 3.5 to 3.6, it can be observed that: 






Δ  has a smaller average value, standard deviation and 
coefficient of variation when the compression stress block depth ratio K  is based 
on Eq. (3.11). 
2.  The predicted increase in load-carrying capacity based on “Refined Equations” are 
in good agreement with the observed values as shown in Figs. 3.5(a) to 3.5(c) and 
Figs. 3.6(a) to 3.6(c).  On the other hand, the predictions using “Simplified 
Equations” are on the conservative side as shown in Figs. 3.5(d) to 3.5(f) and 3.6(d) 
to 3.6(f). 
3. Table 3.3 also shows that omitting beams with 375.0/ >sdc , 20/ >pdL  and 
without deviators, and pupe ff 4.0<  leads to improved accuracy of the predictions. 
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4. The use of psf  based on Naaman’s equation (3.27) gives the closest prediction of 
nPΔ , while the use of psf  based on ACI equation (3.22) leads to the smallest 






Δ .  
 
 
3.4 RECOMMENDATIONS ON THE USE OF PROPOSED EQUATIONS 
Two set of equations, “Refined Equations” (3.13) to (3.15) and “Simplified 
Equations” (3.19) to (3.21), have been proposed to relate the tendon force psF  and tendon 
eccentricity at mid-span me  with the increase in load-carrying capacity for simple-span 
beams.  The Refined Equations require the value of the compression stress block depth 
ratio K , for which the upper limit can be obtained from Eq. (3.9) or (3.11).  Also, the 
tendon force psF  depends on the tendon area psA  and tendon stress psf , the latter of 
which can be evaluated using Eqs. (3.22), (3.24) or (3.27).   
Depending on the purpose and the availability of section and material properties of 
the beam, the proposed equations can be used appropriately as follows:  
(a) If the material properties of the beam are unknown or in preliminary strengthening 
design, the “Simplified Equations” together with ACI Eq. (3.22) for psf  can be 
used to determine the tendon area required for a specified increase in load-carrying 
capacity of the beam. 
(b) If the section and material properties of the beam are known, the “Refined 
Equations” together with the value of K  based on Eq. (3.9) can be used to 
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determine the required tendon area for a specified increase in load-carrying 
capacity. 
(c) If the tendon area has been provided and the section and material properties of the 
beam are available, the “Refined Equations” together with the value of K  based 
on Eq. (3.11) can be used to evaluate the increase in load-carrying capacity of the 
beam. 
An example illustrating the use of the proposed equations for the above cases is given in 
the Appendix A. 
 
3.5 SUMMARY 
In this chapter, equations were established for the direct determination of external 
tendon area and eccentricity to strengthen a simple-span reinforced concrete beam.  The 
“Refined Equations” were derived from moment equilibrium at the critical mid-span 
section as well as from strut-and-tie models.   
The increase in load-carrying capacity has two components: (a) the component 
balanced directly by the tendons; and (b) the component due to the increased concrete 
compression zone.  By neglecting the latter component, a set of “Simplified Equations” 
which is independent of the material properties of the beam to be strengthened was 
obtained.   
A comparison with the test results of 124 simple-span beams reported in the 
literature confirmed that the predictions of the “Refined Equations” are in good agreement 
with observed values.  On the other hand, the “Simplified Equations” give a relatively 
conservative estimate of the increase in load-carrying capacity due to the external tendons.  
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Based on the study, recommendations on the use of the proposed equations are 
made. The “Simplified Equations” together with ACI equations for tendon stress can be 
used in preliminary design to determine the tendon area, while the “Refined Equations” 
could be used to evaluate directly the increase in load-carrying capacity due to the 
provision of external tendons.   
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Table 3.1 Refined and Simplified Equations for increase in load-carrying capacity 




























































8=Δ    
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T-1 0.51 34.2 110 1197 1900 78 78 15.0 1 S T 
T-1A 0.51 30.4 110 327 1900 128 128 12.0 1 S T 
T-1D 0.51 32.1 110 288 1900 0 128 12.0 1 SD T 
T-1B 0.51 33.2 201 750 1900 78 78 15.0 1 S T 
ST-1 0.51 34.5 201 764 1900 78 78 7.5 1 S T 
ST-2 0.51 29.9 201 771 1900 78 78 9.0 1 S T 
ST-4 0.51 28.3 201 757 1900 78 78 22.5 1 S T 
ST-5 0.51 25.1 201 760 1900 78 78 30.0 1 S T 
T-0 0.51 34.6 110 1297 1900 78 78 15.0 0 S T 
T-2 0.51 28.7 110 1182 1900 78 78 15.0 2 S T 
T-0A 0.51 31.3 110 745 1900 78 78 22.5 0 S T 
T-0B 0.51 29.3 110 742 1900 78 78 30.0 0 S T 
ST-5A 0.51 31.7 201 762 1900 78 78 30.0 2 S T 
ST-5B 0.51 26.4 201 742 1900 78 78 30.0 3 S T 
SR2 1.24 27.0 201 1023 1900 0 200 9.1 1 SD T 
SR4 1.24 24.2 201 1283 1900 0 200 9.1 1 SD T 
SR5 0.33 23.7 201 1060 1900 0 80 14.3 1 SD T 
SR6 1.24 28.0 201 1079 1900 0 80 14.3 1 SD T 
SR1A 0.33 24.0 110 1023 1900 0 140 11.1 1 SD T 
SR1B 0.33 21.0 201 1023 1900 0 140 11.1 1 SD T 
SR3A 0.33 23.7 110 1023 1900 0 80 14.3 1 SD T 






















SR7 0.33 24.0 201 1023 1900 0 80 14.3 1 SD S 
TD1 0.52 32.8 200 980 1900 0 80 14.2 2 DD T 
TD2 0.52 33.6 110 969 1900 0 135 11.1 2 DD T 
TD3 0.52 33.6 200 975 1900 0 135 11.1 2 DD T 





TP1 0.52 32.8 200 980 1900 0 135 11.1 4 P U 
B4D 0.60 30.3 38.7 879 1606 0 161 10.9 1 SD T 
B4S 0.60 27.6 38.7 972 1606 80 80 15.4 0 S T 
B5D 1.33 32.4 77.4 841 1427 0 162 10.8 1 SD T 
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T1S 0.26 39.6 77 788 1427 84 84 14.6 0 S T 
T1D 0.26 40.8 77 792 1427 84 228.6 8.6 1 SD T 
T2S 0.40 40.1 39 935 1607 84 84 14.6 0 S T 
T2D 0.40 43.5 39 931 1607 84 228.6 8.6 1 SD T 
T3S 0.54 37.9 77 747 1427 84 84 14.6 0 S T 
T3D 0.54 39.0 77 895 1427 84 228.6 8.6 1 SD T 
















T4D 0.71 38.7 75 1001 1986 84 228.6 8.6 1 SD T 
PP2R3-3 0.60 43.2 38.7 952 1482 44.5 44.5 19.2 S T 
PP2R3-0 0.60 43.8 38.7 938 1482 44.5 44.5 19.2 S S 
PP3R3-3 0.88 43.2 77.4 883 1427 44.5 44.5 19.2 S T 
PP3R3-0 0.88 39.0 77.4 896 1427 44.5 44.5 19.2 S S 
P1R3-3 0.22 44.4 19.4 1014 1606 44.5 44.5 19.2 S T 
P1R3-0 0.22 41.7 19.4 993 1606 44.5 44.5 19.2 S S 
P2R3-3 0.22 46.9 77.4 858 1482 44.5 44.5 19.2 S T 
P2R3-0 0.22 38.6 77.4 872 1427 44.5 44.5 19.2 S S 
P3R3-3 0.22 46.5 116.1 879 1427 44.5 44.5 19.2 S T 
P3R3-0 0.22 41.2 116.1 845 1427 44.5 44.5 19.2 S S 
PP1R2-3 0.48 42.2 38.7 862 1482 69.9 69.9 12.1 S T 
PP1R2-0 0.48 41.9 38.7 827 1482 69.9 69.9 12.1 S S 
PP2R2-3 0.70 42.1 77.4 879 1482 69.9 69.9 12.1 S T 
PP2R2-0 0.70 38.1 77.4 872 1482 69.9 69.9 12.1 S S 


































A-2 0.25 34.5 46.4 1048 1860 0 50.8 21.2 DD T 
A-3 0.50 35.2 46.4 1069 1860 0 50.8 21.2 DD T 
B-2 0.50 36.0 69.7 993 1860 0 50.8 21.2 DD T 
B-3 1.16 36.6 46.4 1110 1860 0 50.8 21.2 DD T 
C-2 0.75 35.9 116.1 938 1860 0 38.1 23.0 DD T 
C-3 1.82 33.8 69.7 1110 1860 0 50.8 21.2 DD T 
PPT9A 0.11 60.7 46.4 1245 1860 0 105.9 18.4 DD T 
PPT9B 0.19 60.1 46.4 1245 1860 0 105.9 18.4 DD T 
PPT9C 0.49 51.4 46.4 1099 1860 0 105.9 18.4 DD T 
PPT9D 0.81 51.4 46.4 1096 1860 0 105.9 18.4 DD T 
PPT5A 0.19 37.8 46.4 1193 1860 0 105.9 18.4 DD T 
PPT5B 0.49 30.5 46.4 1173 1860 0 105.9 18.4 DD T 
PPR9A 1.16 54.4 46.4 1155 1860 0 50.8 21.2 DD T 



































  DD T 
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K12 1.64 34.8 46.4 1303 1860 0 31.8 42.5 DD T 
K13 1.52 34.1 46.4 1324 1860 0 41.3 34.5 DD T 
K21 0.37 35.5 46.4 1289 1860 0 22.2 55.2 DD T 
K22 0.28 35.2 46.4 1282 1860 0 31.8 42.5 DD T 
K23 0.46 34.5 46.4 1303 1860 0 41.3 34.5 DD T 
E11 0.50 34.5 46.4 768 1860 0 50.8 21.2 DD T 
E12 0.50 34.4 46.4 892 1860 0 50.8 21.2 DD T 
E13 0.50 34.7 46.4 1132 1860 0 50.8 21.2 DD T 







A-1 0.39 30.6 58.8 960 1790 80 80 19.1 S T 
A-2 0.39 30.6 98.0 904 1790 80 80 19.1 S T 
A-3 0.59 30.6 156.8 820 1790 80 80 19.1 S T 
A-4 0.39 30.6 58.8 869 1790 80 80 19.1 S T 
A-5 0.77 30.6 78.4 810 1790 80 80 19.1 S T 
A-6 1.16 30.6 156.8 854 1790 80 80 19.1 S T 
A-7 0.77 30.6 39.2 885 1790 80 80 19.1 S T 
A-8 1.16 33.1 58.8 894 1790 80 80 19.1 S T 
A-9 2.01 33.1 156.8 920 1790 80 80 19.1 S T 
B-1 0.39 45.8 58.8 1008 1840 80 80 19.1 S T 
B-2 0.39 45.8 98.0 987 1840 80 80 19.1 S T 
B-3 0.59 42.5 156.8 963 1840 80 80 19.1 S T 
B-4 0.39 42.5 58.8 1040 1840 80 80 19.1 S T 
B-5 0.77 42.5 78.4 989 1840 80 80 19.1 S T 
B-6 1.16 42.5 137.2 1002 1840 80 80 19.1 S T 
B-7 0.77 48.8 39.2 1002 1840 80 80 19.1 S T 
B-8 1.16 42.5 58.8 1002 1840 80 80 19.1 S T 
B-9 2.01 48.8 98.0 1050 1840 80 80 19.1 S T 
C-1 0.39 33.1 58.8 905 1790 80 80 19.1 S T 
C-3 0.59 33.1 156.8 825 1790 80 80 19.1 S T 



































B1 0.48 51.8 154.8 778 1622 55 55 18.0 S S 
B2 0.98 48.6 232.2 747 1622 68 68 23.5 S S 
B3 0.56 57.6 116.1 847 1622 43 43 27.5 S S 
B4 0.85 42.3 193.5 864 1622 39.5 39.5 28.6 S S 
B5 0.74 53.1 116.1 947 1622 25 25 29.3 S S 
B6 0.71 56.7 154.8 853 1622 18 18 31.4 S S 
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2 0.49 32.4 148.4 1065 1760 80 80 15.0 S T 
3 0.98 31.6 148.4 1049 1760 80 80 15.0 S T 
4 1.46 37.1 148.4 1096 1760 80 80 15.0 S T 























No.2 0.22 40.8 132.7 846 1080 40 40 12.1 S T 
No.4 1.04 38.3 132.7 724 1080 40 40 12.1 S T 
No.6 0.22 40.8 227.0 721 1180 40 40 12.1 S T 
No.8 0.22 38.2 227.0 721 1180 40 40 12.1 S T 
No.11 0.22 64.1 227.0 719 1180 40 40 12.1 S T 
No.13 1.58 62.7 227.0 664 1180 40 40 12.1 S T 
























#   number of deviators provided; 
*   S-straight, SD-singly draped, DD-doubly draped, P-parabolic; 
** S-single-point load, T-two-point loads, U-uniform load; 
i Beams with internal, unbonded tendons. 
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K χ+= 1  [Eq. (3.11)] 














































































Mean 1.40 1.43 1.40 3.07 3.13 3.09 1.34 1.31 1.22 3.07 3.03 2.82 
Standard 
deviation 




CoV** 0.29 0.34 0.34 0.39 0.43 0.45 0.27 0.29 0.29 0.39 0.42 0.45 
Mean 1.48 1.52 1.49 3.29 3.40 3.36 1.38 1.36 1.25 3.29 3.26 3.02 
Standard 
deviation 





CoV** 0.25 0.30 0.30 0.36 0.39 0.41 0.24 0.28 0.27 0.36 0.39 0.42 
 
1Refined Equations (3.13), (3.14), (3.15); 2Simplified Equations (3.19), (3.20), (3.21). 
* beams with 375.0/ >sdc , or with 20/ >pdL  and without deviator, or with pupe ff 4.0< ; ** CoV = coefficient of variation. 
nsPΔ : observed increase in load-carrying capacity, 0n nP P= − , where nsP  is the observed ultimate load of strengthened beam and 0nP  is the       
calculated ultimate load for the unstrengthened beam. 
11nPΔ , 21nPΔ : predicted values using Eq. (3.22) for psf  
12nPΔ , 22nPΔ : predicted values using Eq. (3.24) for psf  
13nPΔ , 23nPΔ : predicted values using Eq. (3.27) for psf
  
  




(a) Simple-span beam under symmetrical loadings 
 
(b) Moment capacity of critical section at mid-span 
 













(a) Strengthened beams under symmetrical loadings 
 
 
(b) Moment capacity of critical section  
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(c) Parabolic tendon 
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(a) With straight tendon, under two-point load 
 
(b) With singly-draped tendon, under two-point load 
 
(c)  With doubly-draped tendon, under single point load 
Fig. 3.4 Simple-span beams carrying non-matching loads 
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Beams with external tendons 
Tan, et al. (1997) Tan (2006) Harajli (1993) Khairallah & Harajli (1997) 
Beams with internal unbonded tendons 
Harajli & Kanj (1991, 1992)
Chakrabarti, et al. (1989,1994,1995) 
Du & Tao (1985)
Tam & Pannell (1976) 
Campbell & Chouinard (1991)















































































 Refined Eqs. (3.13), (3.14), (3.15) Simplified Eqs. (3.19), (3.20), (3.21)





K s=  with test results   
(1 kip = 4.448 kN) 
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Beams with external tendons 
Tan, et al. (1997) Tan (2006) Harajli (1993) Khairallah & Harajli (1997) 
Beams with internal unbonded tendons 
Harajli & Kanj (1991, 1992)
Chakrabarti, et al. (1989,1994,1995) 
Du & Tao (1985)
Tam & Pannell (1976) 
Campbell & Chouinard (1991)















































































 Refined Eqs. (3.13), (3.14), (3.15) Simplified Eqs. (3.19), (3.20), (3.21)





K χ+= 1  with test results  










In the previous chapter, a simple direct method has been proposed for simple-span 
beams strengthened with external tendons.  This method is explored for use in continuous 
beams strengthened with external tendons in the first part of this chapter.  By considering 
the collapse mechanism of the beam, the increase in load-carrying capacity can be related 
directly to the tendon force.  It is shown that the increase in load-carrying capacity is 
partly due to the increase in the compression zone and partly due to the vertical 
components of the prestressing force.  The method was verified with a test program on six 
two-span continuous beams, in which the tendon profile and loading pattern were varied.   
In the second part of this chapter, the investigation on moment redistribution in 
continuous beams strengthened with external tendons is presented.  It is shown that there 
are four phases of moment redistribution, which can occur before cracking due to the 
addition of external tendons.  The effects of secondary moments on moment redistribution, 
and linear transformation of external tendons are discussed.   
 
4.2 DIRECT DESIGN METHOD 
 
In the proposed method, the tendon profile is first selected based on the concept of 
equivalent loads.  The tendon need not be concordant, but would provide a moment equal 
and opposite to that due to the applied load, which may include the moment redistributed 




established by considering a collapse mechanism of the beam with plastic hinges formed 
at section of maximum positive moment within the span and at the interior support 
section. 
4.2.1 Tendon Profile 
Consider a two-span continuous beam subjected to symmetrical two-point loads on 
each span, as shown in Fig. 4.1.  The tendon can be selected to balance the applied load 
based on equivalent loads.  That is, the tendon is draped at points directly under the point 
loads and over the interior support section.  Thus, equating the moment diagram due to the 
prestressing force psF  (assumed constant throughout the length of tendon) to that due to 




Δ=−−=− ααα      (4.1) 
where psF  is the tendon force, 1me , 2me  and se  are the tendon eccentricities at the two 
loading points and interior support respectively, measured positive (+) downward from the 
centroidal axis of the beam, α  is a factor less than 1, PΔ  is the increase in applied load 
and L  is the span of the beam 
 From Eq. (4.1), the eccentricities 1me  and 2me  can be determined for given values 
of PΔ , psF  and se .  It should be noted that the value of se  should be selected so as not to 
compromise on the serviceability of beams in terms of cracking at support. 
 Similarly, the required tendon profile can be determined for beams under uniform 






4.2.2 Increase in Flexural Capacity due to External Tendons 
The required tendon area is obtained from equations established by considering the 
collapse mechanism of the beam as follows.  For the two-span continuous beam with 
rectangular cross-section shown in Fig. 4.1, the collapse mechanism comprises the 
formation of plastic hinges at the section of maximum positive moment under the outer 
point load and at the interior support section as shown in Fig. 4.2(a).  
Fig. 4.2(b) shows the stress diagram for the critical sections, at the maximum 
positive moment or the interior support section.  Assuming that internal steel bars yield at 
ultimate limit state and ignoring the presence of compressive reinforcement if any, the 







dTM −=          (4.2) 
where iT0  and sid  are the force in and effective depth of the internal tensile reinforcement 










Ta ==         (4.3)   
in which siA  and yf  are the area and yield strength of the internal reinforcement 
respectively, b  is the beam width and 'cf  is the concrete cylinder compressive strength. 
After the beam has been strengthened using external tendons, the flexural 
capacities of the critical sections will increase from inM 0  to nsiM .  Again, assuming 
yielding of the internal reinforcement at ultimate limit state and no friction between the 





























+−+−=−+−=   (4.4) 
where pid  is the effective depth of the tendon and ia  is the height of equivalent stress 
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in which psA  is the external tendon area and psf  is the tendon stress. 
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where ic0  and ic  are the depths of neutral axis before and after strengthening respectively, 







dFM +−=Δ        (4.8)  
An upper limit can be imposed on the value of iK  by requiring the strengthened 
section to remain under-reinforced in flexure, that is, failure to be tension controlled.  For 
this to occur, ACI code (ACI 2008) specifies that the net tensile strain in the extreme 
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ρ+=+=+= 11      (4.10) 
where piρ  is prestressing steel ratio ( pips bdA /= ) and siρ  is the internal reinforcement 
ratio ( sisi bdA /= ).  As pyps ff ≤ , where pyf  is the yield strength of prestressing steel 
(which corresponds to the stress at one percent strain for wires and strands and 0.7 percent 
strain for bars [ASTM A421, A416 and A722]), another limit value of iK  is given by 
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ρχ =           (4.12) 
 Equations (4.9) and (4.11) are derived for beam with rectangular cross section.  
For beam with T cross section, Eq (4.9) can still be used, however, Eq. (4.11) may result 
in conservative estimate for increase in load-carrying capacity, as normally the piρ  is 







4.2.3 Strength Enhancement based on Collapse Mechanism 
Once the increase in moment capacity of the critical sections has been determined 
using Eqs. (4.8) to (4.11), the increase in load-carrying capacity of the beam, nPΔ , can be 
calculated based on the collapse mechanism of the beam.  
Fig. 4.2(a) shows a two-span continuous beam carrying two point loads at Lα  
from the supports on each span before strengthening.  The flexural capacities are 01nM  
and 02nM  for the section of maximum positive moment and interior support section 
respectively.   
Assuming under-reinforced section thereby ensuring sufficient rotation capacity at 
the section of maximum positive moment and at the interior support, the load-carrying 
capacity of each span can be determined as: 
)(2 02010 nnn MML
P αα +=         (4.13) 
After strengthening, the flexural capacity of the strengthened beam at the section 
of maximum positive moment and interior support are 1nsM  and 2nsM  respectively.  The 
load-carrying capacity of each span based on the same mechanism is given by:  
)(2 210 nsnsnn MML
PP αα +=Δ+        (4.14) 
where nPΔ  is the increase in load-carrying capacity. 
In view of Eq. (4.13) and (4.14), the increase in load-carrying capacity of the beam 
is given by: 
)(2 21 nnn MML
P Δ+Δ=Δ αα         (4.15) 
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Introducing the effective tendon depth at critical sections as: 
11 mtp eyd +=           (4.17) 
sbp eyd −=2           (4.18) 
where ty  and by  are the distance of centroid of the section to the top and bottom surface 
of beam respectively.  

























































    (4.19b) 
where 1i =  refers to the section of maximum positive moment; and 2i =  corresponds to 
the interior support section. 
Eq. (4.19) includes two terms, the first term is a direct contribution to the load-
carrying capacity of the beam due to the vertical components of the prestressing force at 
deviator points.  The second term is due to an increased concrete compression zone at the 
critical sections, which is needed to balance the horizontal components of the tendon 
forces.  Eq. (4.19) is termed the “Refined Equation” in this study. 









−=Δ         (4.20) 
which gives a conservative estimate of increase in load-carrying capacity of the beams.  
This equation is independent of material property of the beam and is termed the 
“Simplified Equation” in this study. 
 
4.2.4 Tendon Stress at Ultimate Limit State 
Equations (4.19) and (4.20) can be used to determine the required tendon area psA  
for a desired increase in load-carrying capacity provided that the tendon stress psf  at 























1 )1(εε     (4.23) 
Eq. (4.21) is adopted from ACI code (ACI 2008).  In the equation, pyps ff ≤  and 
Cff peps +≤ , where pef  and pyf  are the effective tendon stress (MPa) and yield strength 
of the tendons respectively (MPa), 'cf  is the concrete compressive strength (MPa), pρ  is 
prestressing steel ratio, 100=B  and 420=C  for 35/ ≤pdL , 300=B  and 210=C  for 




Equation (4.22) is modified from Macgregor’s equation (Roberts-Wollmann et al. 
2005, Du 2006), in which psE  is elastic modulus of the tendon, 01c  is the neutral axis 
depth at section of maximum positive moment and eL  is the effective length of tendons. 
Equation (4.23) is modified from Naaman’s Equation (Naaman and Alkhairi 
1991b), and ceε  is pre-compression strain in concrete at the tendon level, cuε  is the 
ultimate concrete compression strain, 1L  is the sum of lengths of loaded spans containing 
tendons considered, 2L  is the total length of tendons between anchorages and uΩ  is the 
bond reduction coefficient. 
 
4.3 TEST PROGRAM 
Tests were carried out to verify Eqs. (4.19) and (4.20).  Seven beams, including 
one control beam, each measuring 6.1 meters in total length with an overall depth of 280 
mm were fabricated and tested.  The test variables included tendon area, tendon profile 
and type of loading. 
4.3.1 Preparation of Specimens 
The section properties and reinforcement detail of the beams are shown in Fig. 
4.3(a) and summarized in Table 4.1.   
The internal longitudinal steel reinforcement for all beams consisted of two 
deformed steel bars with a diameter of 16 mm (designated T16) at the bottom, four and six 
deformed bars with a diameter of 10 mm (designated T10) at the top at the positive and 
negative moment regions respectively.  The average yield strength was 540 MPa for all 
longitudinal bars.  The effective depth measured from the extreme compressive fiber was 




transverse reinforcement consisting of closed steel links with a diameter of 10 mm 
(designated T10), for which the yield strength was 540 MPa.  The links were spaced at 
100 mm within one-third span near the interior support and 150 mm in the remaining span 
as shown in Fig. 4.3(a). 
The concrete mix was designed to achieve a target compressive strength of 40 MPa 
at 28 days.  The beams were cast in wooden moulds.  Two days after casting, the 
formworks were struck, and the beams were covered with damp gunnysacks.  Moist-
curing of the beams was continued until the seventh day, after which the beams were left 
in the laboratory under ambient conditions until the day of testing.  
On the test day, the beams were strengthened with the external steel tendons, one 
on each side of the beam.  The steel tendons had an ultimate tensile strength of 1900 MPa 
and elastic modulus of 195 GPa.  Specially designed steel brackets were attached to both 
sides of the web using 12.7 mm diameter high-strength bolts to control the profile of the 
tendons.  Also, Teflon sheets were provided between the tendon and bracket surface to 
reduce friction.   
The beams were divided in two groups.  Group 1 beams were subjected to single 
point load on each span and provided with tendons singly-draped at the loading point as 
shown in Fig. 4.3(b).  Beam S11 was strengthened with 9.5 mm diameter steel tendons, 
with a total area of 110 mm2.  The tendons had zero eccentricity at the interior support.  
Beam S12 had the same tendon area and shape as Beam S11, but the tendon had been 
linearly transformed to result in an eccentricity of 50 mm at the interior support.  Beams 
S21 and S22 were strengthened with 12.7 mm diameter tendons; the tendon layout were 




Group 2 beams were subjected to two third point loads on each span and provided 
with tendons doubly-draped at loading points.  Beam T21 was strengthened with 9.5 mm 
diameter steel tendons with zero eccentricities at the interior support, while T22 was 
strengthened with 12.7 mm diameter tendons and had an eccentricity of 50 mm at the 
interior support.   
 
4.3.2 Instrumentation and Test Procedure 
During test, deflections were measured at the sections of maximum positive 
moment under the point loads using 100 mm linear variable differential transducers.  
Electrical resistance strain gauges were fixed on the internal steel reinforcement, extreme 
concrete compression fibre and external tendons.  Curvature measurement devices were 
also installed both at the maximum positive moment region under the load and negative 
moment region at the interior support.  
Load cells were placed at each support of the beam.  At the commencement of 
each test, the support level was adjusted so that the load cell readings gave the reactions 
due to the self weight of the beam based on elastic analysis.  
 
4.4 TEST RESULTS AND DISCUSSION 
4.4.1 General Behaviour and Mode of Failure 
Group 1 beams (S11, S12, S21 and S22) together with control beam (CS0) failed 
by flexure in a ductile manner.  At ultimate limit state, the mid-span sections experienced 
large deflections, while the sections at interior support experienced large rotation. 
However, Group 2 beams (T21 and T22) tilted during the tests under a total 




observed in the flange at mid-span for beam T21 and at the bottom of the section at the 
interior support for beam T22.  The test results are shown as T21a and T22a respectively.  
These two beams were repaired.  The damaged part was hacked off manually without 
affecting the internal steel and external tendons.  After that, the damaged parts were cast 
with concrete with the same mix design as the original beams.  After retrofitting, these two 
beams were tested again, and the results were shown as T21b and T22b respectively.  Test 
for Beam T21b stopped at 495kN, as the beam tilted again due to the rotation of the 
actuator.  The load cells were removed from the supports in beam T22b.  Test for Beam 
T22b stopped at 557 kN, as localized compressive failure had happened at the interior 
support.  The crack, yield and ultimate loads are summarized in Table 4.2. 
4.4.2 Load-Deflection Response 
Fig. 4.4(a) shows the load vs. mid-span section deflection response for Group 1 
beams.  Compared with the control beam CS0, the strengthened beams showed stiffer load 
deflection response and registered higher load-carrying capacity without significant 
reduction in ductility.  As shown in Fig. 4.4(a), the response of S11 and S12 were very 
similar.  Before the beams cracked, the beams behaved linearly. The stiffness of the beam 
was reduced after the beam has cracked.  After the internal steel had yielded, the beams 
exhibited large deflection while it continued to carry the load.  The load-carrying 
capacities of the two beams were very close to each other.  Similar response was observed 
between S21 and S22.  As S21 and S22 had larger tendon area, they showed stiffer 
response than S11 and S12 respectively, and registered higher load-carrying capacities.    
Fig. 4.4(b) shows the deflection under the outer point load for Group 2 beams.  
Both beams failed prematurely.  T22 showed stiffer response and higher load-carrying 




4.4.3 Stresses in Internal Steel Reinforcement 
Fig. 4.5 shows the variation in the internal tensile steel stresses with the applied 
loads.  In general, before the beam cracked, the rate of change for the steel stresses was 
small.  After the beams have cracked, the rate of change for steel stress increased, as 
evident from the slope of the curve reduced.  At the ultimate limit state, the steel 
reinforcement at the sections of both maximum positive moment and interior support 
yielded.  
In Group 1 beams (Fig. 4.5a), due to the addition of external tendons, the internal 
steel stress for beam S11, S12, S21 and S22 reduced considerably as compared to the 
control unstrengthened beam CS0.  Beams S21 and S22 had a larger tendon area; hence 
the internal steel stress was much lower than Beams S11 and S12.  A similar response was 
shown by beam T22 compared to T21 in Fig. 4.5(b).   
4.4.4 External Tendon Stresses 
The development of stresses in the external tendons is shown in Fig. 4.6.  The 
tendon stresses at several critical loading points are summarized in Table 4.3.  For all 
beams, the stress increment was generally small before the beam cracked.  After beams 
had cracked at both maximum positive moment and interior support sections, the tendon 
stress increased rapidly.  The tendon stress increment at ultimate ranged between 343 to 
590 MPa, except for beam T22b for which the stress increment was negligible. 
As Beams S11, S21, T21a had large tendon eccentricities at the sections under the 







4.4.5 Cracking Characteristics 
Flexural cracks first developed near the mid-span for the control beam CS0 as well 
as Group 1 beams, while they appeared near the interior support for Group 2 beams.  As 
the load was increased, diagonal cracks also appeared near the exterior and interior 
supports of the beams due to the action of shear forces.   
Figures 4.7(a) to 4.7(d) show the maximum crack widths relations at positive 
moment and interior support regions for Group 1 and Group 2 beams respectively.  Due to 
the external tendons, Group 1 beams (S11, S12, S21 and S22) had smaller crack widths 
compared to the control beam CS0.  As shown in Fig. 4.7(a), a larger tendon eccentricity 
at the positive moment region is effective in controlling crack width in this region as 
exhibited by Beams S11 and S12.  
A higher tendon eccentricity at the interior support provided better control for the 
cracking width in this region as shown by Group 1 Beam S22, compared to S21.  As Beam 
S11 was subjected to a higher effective prestress than S12, the difference in cracking near 
the interior support was not significant.  Also, it could be observed that beams with a 
larger tendon area developed smaller crack width as exhibited by S21, S22 and T22, 
compared to S11, S12 and T21 respectively. 
4.4.6 Support Reactions 
Figure 4.8 shows the support reaction as a ratio of the applied load.  The solid lines 
show the experimental values, the crosses show the value before the beams were 
prestressed.  The dash lines show the values based on elastic analysis, while the circles 
indicate the results from plastic analysis assuming full moment redistribution.  
 All beams showed higher reactions at the interior support than at the exterior 




support reactions followed the value of elastic analysis.  At ultimate, the differences 
among the elastic values and the experimental value were marginal.  
Among Group 1 beams, S11 and S21 showed similar response.  Due to a higher 
eccentricity at mid-span sections, the interior support was partially relieved of the self 
weight when the prestressing force was applied.  The reaction at the interior support 
therefore decreased with a corresponding increase in reaction at the exterior supports.  As 
load was increased, the end support reactions reduced gradually and approached the elastic 
value.  At ultimate, the interior support took slightly higher load than that predicted from 
elastic analysis.  
Beams S12 and S22 had a smaller tendon eccentricity at the mid-span section and 
the camber of beam due to prestressing was smaller than Beams S11 and S21 respectively.  
Although there was a change in the reaction to load ratios for both the exterior and interior 
supports in the initial loading stage after prestressing, the magnitude was much smaller.  
The reactions at ultimate limit state exhibited similar trends as in Beams S11 and S21, that 
is the observed values were close to the elastic values.   
In Group 2, Beam T21 had a higher tendon eccentricity at loading point.  In the 
initial loading stage, the reaction showed the same characteristics as Beams S11 and S21 
in Group 1.  However at ultimate, the interior support reaction was lower than that 
predicted from elastic analysis and coincided with the plastic value.  Beam T22a showed 
the same trend for the support reactions as Beams S12 and S22 in Group 1, due to a lower 







4.5 COMPARISON WITH DIRECT DESIGN APPROACH 
The accuracy of the proposed equations, Eq. (4.19) and (4.20) were verified by 
comparing with the current experimental results and other available test data for 
continuous beams strengthened using external tendons.  The information for the beams 
tested by Harajli et al. (2002), Du (2000) and Tan and Tjandra (2007) were shown in the 
Table 4.1, with the configurations of the beams shown in Fig. 4.9. 
The observed increase in load-carrying capacity, nsPΔ , was obtained by deducting 
the load-carrying capacity of the un-strengthened beams, 0nP , from the observed load-
carrying capacity of the strengthened beams, nsP .  The load-carrying capacity of the un-
strengthened beams, 0nP , was calculated based on Eq. (4.13).  For Group 1 beams, the 
calculated 0nP  is about 10% lower than the observed values for CS0. 
The predicted increase in load-carrying capacity of the strengthened beam prednP ,Δ  
based on “Refined Equation” and “Simplified Equation” are denoted as XnP 1Δ  and XnP 2Δ  
respectively, with the subscripts X = 1, 2 and 3 depending on the equations based on 
which the tendon stress is evaluated, that is, ACI equation [Eq. (4.21)], MacGregor’s 
equation [Eq. (4.22)] and Naaman’s equation [Eq. (4.23)], respectively.   
In Eq. (4.22), the effective length of tendons eL  is determined by dividing the 
tendon length by the numbers of actual plastic hinge formed in the beam (Harajli 2006), 
that is 3 and 8/3 for beam with continuous tendons under symmetric single point load and 








L  has been set equal to 1, as the beams were loaded on both spans.  
For beams with discrete tendons, the bond reduction coefficient was determined using the 
length of positive and negative moment zone instead of beam span. 
Figures 4.10 and 4.11 showed the predicted increase in load-carrying capacities for 
two spans (2 times of the value given by Eq. [4.19] and Eq. [4.20]) vs. the observed 
increase for all beams (for two spans).  The solid line represents perfect correlation, and 
the dash lines indicated a 20% deviation.  
It can be observed from Figs. 4.10 and 4.11 that, 
1. The “Refined Equation” gives safe estimations of the increase in load-carrying 
capacity for the beams studied, as shown in Fig. 4.10(a) to 4.10(c) and 4.11(a) to 
4.11(c).  If K  is taken as given by Eq. (4.11), then the accuracy of prediction is 
improved further.   
2. The “Simplified Equation” gives a more conservative estimate of the increase in 
load-carrying capacity for the beams.  However, this set of equations will give zero 
increase in load-carrying capacity for beams with tendons lying along the centroid 
of the beams.   
3. The tendon stress has an important influence on the accuracy of the two proposed 
equations.  As shown in the Figs. 4.10(b) and 4.11(b), predictions based on 







 due to the close 






4.6 RECOMMENDATION FOR APPLICATION 
Two set of equations, “Refined Equation” (4.19) and “Simplified Equations” 
(4.20), have been proposed to relate the tendon force psF  and tendon eccentricities me  and 
se  with the increase in load-carrying capacity for continuous beams.  The Refined 
Equation requires the value of the compression stress block depth ratio K  to be known, 
and this can be obtained from Eq. (4.9) or (4.11).  Also, the tendon force psF  depends on 
the tendon area psA  and tendon stress psf , the latter of which can be evaluated by Eqs. 
(4.21), (4.22) or (4.23).   
Depending on the purpose and the availability of section and material properties of 
the beam, the proposed equations can be used appropriately as follows:  
(a) If the material properties of the beam are unknown or in preliminary strengthening 
design, the “Simplified Equation” together with ACI Eq. (4.21) for psf  can be 
used to determine the tendon area required for a specified increase in load-carrying 
capacity of the beam. 
(b) If the section and material properties of the beam are known, the “Refined 
Equation” together with the value of K  based on Eq. (4.9) can be used to 
determine the required tendon area for a specified increase in load-carrying 
capacity. 
(c) If the tendon area has been provided and the section and material properties of the 
beam are available, the “Refined Equations” together with the value of K  based 






4.7 MOMENT REDISTRIBUTION IN CONTINUOUS BEAMS 
STRENGTHENED WITH EXTERNAL TENDONS 
 
4.7.1 Support Reactions 
Figure 4.12 shows the relation between the support reactions and the applied load 
for Beam CS0.  The support reactions followed the predictions by elastic analysis from the 
beginning.  As the yielding of internal steel reinforcement happened at mid-span soon 
after that at interior support, the moment is still redistributed from mid-span section to 
interior support section and the interior support reaction was slightly higher than that of 
elastic analysis.   
Fig. 4.13 shows the support reactions for Group 1 and 2 beams.  The dash line is 
based on elastic analysis of a uniform beam without the effect of secondary moment.  At 
the beginning of test, interior support of Group 1 Beams (S11, S12, S21 and S22) took 
lesser load than the elastic values; this is partly due to the secondary effect produced by 
the prestressing tendon, and partly due to the moment redistribution from the interior 
support to mid-span section, since the addition of external tendons increased the stiffness 
at mid-span section of the beams.  With an increase in applied load, the interior support 
reaction 2R  increased gradually and approached the elastic value.  At ultimate, the interior 
support reactions were slightly higher than the elastic values.  In Group 1 Beams, moment 
was first redistributed from the interior support to mid-span section before cracking 
occurred.  When the first crack formed at the mid-span section, the moment was 
redistributed from mid-span section to interior support and this continued up to the 
ultimate flexural strength limit state.     
In Group 2 Beams, the interior support reactions were initially less than the elastic 




interior support, the bending moment was redistributed from the interior support to the 
mid-span section and this continued to the ultimate limit state.  The interior support 
reaction deviated from the elastic value and the difference increased with the applied load.  
On the other hand, for Beam T22a, although the first crack also formed at the interior 
support, the bending moment was redistributed from the mid-span section to interior 
support instead, due to the very close occurrence of a second crack at the mid-span 
section.  The interior support reaction gradually became slightly greater than the elastic 
values. 
4.7.2 Moment redistribution  
Figure 4.14 shows plots of elastic moments and observed moments at critical 
sections with applied load for the test beams.  In the figure, the solid lines give the 
calculated elastic moments ( eM ).  The circles are the observed moments ( pM ) computed 
from measured support reactions.  The crosses are the flexural moment resistance ( nM ) 
calculated based on the method of strain compatibility with external tendon stress based 
on Naaman’s equation (Naaman and Alkhairi 1991b).  The broken lines give the elastic 
moment after accounting for the secondary moment, that is, 2/se MM +  (for Group 1 
beams) or 3/se MM +  (for Group 2 beams) for the section of maximum positive moment 
and se MM −  for the interior support section.  The secondary moment has been 
determined with tendon stress assumed as follows: (a) before cracking, effective tendon 
stress was assumed; (b) after cracking and before yielding of internal steel reinforcement, 
tendon stress corresponding to crack load was assumed; and (c) after the internal steel had 
yielded, the tendon stress corresponding to the yield load was assumed.  The observed 




For the control beam CS0, both the moments at the interior support and the mid-
span sections increased linearly with the applied load initially and coincided with the 
elastic moments.  After the beam has cracked at the interior support section, the observed 
moment, pM , at the interior support was slightly less than the elastic value, indicating 
that bending moment was redistributed from the interior support to the mid-span section.  
With an increase of applied load, the observed moment pM  at the interior support 
increased and followed the elastic values again. After the internal steel reinforcement 
yielded at mid-span, the interior support moment pM  increased beyond the elastic value, 
indicating that the moment was redistributed from the mid-span section to the interior 
support.   
In Group 1 Beams, that is, S11, S12, S21 and S22, the moment at the mid-span 
pM  was higher than the elastic value and exceeded the value of ( 2/se MM + ) at the 
beginning.  After the beam has cracked at mid-span section, the observed moment pM  
decreased gradually with an increase in applied load and coincided with the elastic value.  
Thereafter, it continued to decrease, and after the internal steel had yielded, the observed 
moment pM  became less than 2/se MM + , indicating that moment was redistributed 
from the mid-span section to interior support.  Thus, in this group of beam, the moment 
redistribution at mid-span section changed from positive ( 2/sep MMM +> ) at the 
beginning of loading to negative ( 2/sep MMM +< ) at ultimate limit state.  
 In Group 2 beams which were subjected to third-point loads on each span, 
observed moment at outer point load (that is, section of maximum positive moment) pM  




the same as Group 1 beam.  In beam T21b, after it has cracked at the interior support 
section, the observed moment was more than 3/se MM +  up to the ultimate limit state.  
Thus the moment redistribution was positive )3/( sep MMM +>  for the section at outer 
point load throughout the loading history.   
In Beam T22a, the first crack formed at the interior support first, but this was 
closely followed by second crack at the mid-span section.  The observed moment pM  at 
the outer point load thus became less than 3/se MM + , indicating a redistribution of 
moment from the positive moment region to the interior support.  The test of this beam 
stopped at 441 kN due to beam tilting, no test data was available after that.  This beam 
therefore exhibited the same trend as Group 1 beams, with moment redistribution at outer 
load point section changing from positive ( 2/sep MMM +> ) to negative 
( 2/sep MMM +< ).   
4.7.3 Load – Moment Relations 
Based on the test findings, the load-moment relations of continuous beams can be 
characterised by four phases as follows: 
 Phase One. - In initial loading phase elastic redistribution dominates, and the 
redistribution is controlled by the stiffness distribution along the beam.  For beam CS0, as 
the stiffness is more or less uniform through, no moment redistribution was observed.   
For the strengthened beams, the stiffness at the section of mid-span (for Group 1 
beams) and outer load point (for Group 2 beams) was higher than that of the interior 
support section due to the installation of external tendons.  Thus the moment was 
redistributed from the interior support to the positive moment section.  In this phase, 




Phase Two. - This phase extends from the first cracking to the second cracking 
in the beam.  As the crack development changes the stiffness distribution along the beam, 
the moments at the section of maximum positive moment and interior support changes 
accordingly.  The moment redistribution is still considered as elastic redistribution.   
In Group 1 beams, the moment is redistributed from the mid-span section to the 
interior support as the first crack forms at the mid-span section.  In Group 2 beam T21b, 
moment is redistributed from interior support to outer load point due to the first crack 
forming at the interior support section.   
However due to the complex nature of stiffness distribution and closeness in the 
first and second cracking, this phase was not clearly observed in Beams CS0 and T22a as 
those of Group 1 beams and T21b.   
Phase Three. - This phase begins with second cracking in the beam and ends with 
first yield of internal steel reinforcement.  In this phase, the moment redistribution is 
influenced by the stiffness distribution along the beam, and is elastic.  In general, the 
moments at the critical sections respectively equal to the sum of elastic and secondary 
moments, as demonstrated CS0, S11, S21, S22 and T22a.  
Phase Four. - This phase starts with the yielding of the internal steel 
reinforcement.  During this phase, plastic redistribution occurs in addition to elastic 
redistribution.   
The plastic redistribution can be additive or deductive.  In beam CS0, the plastic 
redistribution is opposite to the elastic redistribution as the moment redistribution changes 
from positive to negative at mid-span section.  In Group 1 and Group 2 beams, the plastic 
redistribution may be either the same as or opposite to the elastic redistribution but with a 




4.7.4 Influence of Secondary Moment 
Table 4.4 lists the beams tested in the current study and those tested by Lopes et al. 
(2005).  It can be seen that the location of first crack has a significant influence on the 
moment redistribution.  As the cracking load is related to the secondary moment, it can be 
seen that the moment redistribution is also influenced by the secondary moment.   
In Group 1 Beams, the secondary moments in S12 and S22 were smaller than that 
of S11 and S21 respectively due to the smaller tendon eccentricities at mid-span section.  
Also, the secondary moments in S11 and S12 were smaller than that of S21 and S22 
respectively due to smaller tendon area.   
Figure 4.15 shows the relation of moment redistribution with the ratio of secondary 
to elastic moments for the interior support section.  It can be concluded that, the moment 
redistribution generally decreases with an increase in secondary moment.  In the figure, 
T21b shows higher moment redistribution at interior support which can be seen in Fig. 
4.14.  Beam 4 from Lopes et al. (2005), which no internal steel reinforcement provided, 
also shows higher moment redistribution. 
4.7.5 Effect of Linear Transformation of External Tendons 
 From Fig. 4.4, the load-deflection responses of Beams S11 and S12 were similar.  
The same applies to Beams S21 and S22.  It can be concluded that linear transformation of 
external tendons has no significant influence on the flexural response of the strengthened 
beams.  At ultimate, the difference in load-carrying capacity was only 0.3% for beam S11 
and S12 and 2.6% for beam S21 and S22.  However, beam S12 and S22 with a higher 
tendon eccentricity exhibited better control for the crack width at the interior support 




The effect of linear transformation of external tendons on the load-carrying 
capacity can be explained analytically as follows.  Consider one span of the continuous 
beam.  The tendon has effective depths measured from the compression surface of 1pd , 
2pd  and 3pd  at the critical positive moment section, right support and left support 
respectively, as shown in Fig. 4.16(a).  The maximum positive moment section occurs at a 
distance Lα  from the left support.  The flexural capacities of the three critical sections can 























dTM ppss −+−=        (4.26) 
where 1T , 2T  and 3T  are the tension forces and 1sd , 2sd  and 3sd  are the effective depth of 
the internal steel reinforcement, and 1a , 2a  and 3a  are the heights of the equivalent stress 
block at the respective section and psF  is the tendon force at ultimate state.  
Assuming that a collapse mechanism forms due to plastic hinges at the three 
critical locations, then using the moment relation shown in Fig. 4.16(b), the free bending 
moment due to the external load, M , is given as: 
321 )1( MMMM αα −++=         (4.27) 
Now assume that the tendon undergoes a linear transformation as shown in Fig. 
4.16(c).  The effective depths of the tendon become, 
33
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dTM ppss −+−=        (4.33) 
In Eqs. (4.31) to (4.33) it is assumed that the tendon force remains the same as 
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ppppppps ddddddFMM −−+−+−=− αα    (4.36) 
Substituting Eq. (4.28) to (4.30) into (4.36), 
0' =− MM           (4.37) 
 Since the free bending moment does not change, the load-carrying capacity of the 




Note that, in the above derivation, it is assumed that the tendon forces are the same 
before and after tendon linear transformation. Although the tendon forces may be different 
in real situation, the difference is not significant.  
 
4.8 SUMMARY 
A simple direct method for the determination of the increase in load-carrying 
capacity for continuous beams strengthened with external tendons is presented.   The 
flexural capacities of strengthened beams at critical sections consisted of two parts, that of 
original beam and that due to external tendon forces.  Based on the collapse mechanism 
analysis, the increase in load-carrying capacity is directly related to the tendon area and 
tendon layout, and two sets of equations, termed “Refined Equation” and “Simplified 
Equation”, are established. 
The “Refined Equation” accounts for the upward components of the tendon force 
and the increase in the concrete compression zone, while the “Simplified Equations” 
accounts for the upward component of the tendon force only.   
A test program on seven two-span continuous RC beams strengthened with 
external tendons was carried out to validate the proposed approach.  The test variables 
included the tendon area, tendon profile and loading type.   
A comparison with the test results shows that the “Refined Equation” is safe in 
predicting the increase in load-carrying capacity of the strengthened beam.  Whereas, the 
“Simplified Equation” can be readily used to evaluate the increase in load-carrying 
capacity without the need for information on the material properties of the existing beam. 
The “Simplified Equation” together with ACI equation for tendon stress can be used in 




could be used to evaluate directly the increase in load-carrying capacity due to the 
provision of external tendons.   
The study on moment redistribution in continuous beams strengthened with 
external tendons yielded the following results: 
1. Moment redistribution can be divided into four phases.  In Phase One, the beam is 
uncracked and moment redistribution occurs due to difference in section stiffness 
along the beam.  In Phase Two, where the first crack had occurred, moment is 
distributed from the cracked section to uncracked section.  A second crack forms 
in Phase Three in which moment redistribution is insignificant.  When the internal 
steel yield in Phase Four, plastic redistribution occurs in addition to elastic moment 
redistribution.   
2. Moment redistribution was observed in all the test beams.  In general, moment is 
redistributed towards the interior support sections at ultimate. 
3. Secondary moments influence the elastic moment redistribution.  At ultimate, 
moment redistribution at interior support section decreases with an increase in 
secondary moment. 
4. Linear transformation of external tendons has no significant influence on the 
flexural behaviour of the strengthened beams, as far as the deflection and ultimate 
load-carrying capacity are concerned.  Tendons with a higher eccentricity at 







































se   
(mm)
Remarks 
S11 44.1 SD 110 1007 125 0 
S12 38.8 SD 110 979 100 -50 
S21 38.8 SD 200 960 125 0 
S22 41.2 SD 200 973 100 -50 




402 314 402 471 
DD 200 1055 108/92 -50 
puf =1900 MPa, 
psE =195GPa 
B6D1 38.4 SD 38.8 932 42 -50 
B6D2 37.7 SD 74.8 1112 42 -50 
B6D3 42.7 
56 56 56 
SD 38.8 1032 50 -60 
B12D1 40.8 SD 38.8 870 42 -50 
B12D2 41.9 
226 226 226 SD 74.8 1056 42 -50 
B10S1A 41.1 38.8 916 
B10S1B 42 38.8 921 






157 157 S 
74.8 1034 
0 0 
For  B6D1, B6D3, 
B12D1 and  B10S1A: 
puf =1607 MPa, 
psE =205GPa 
Others: 
puf =1669 MPa, 
psE =195GPa 
 
Du (2000) CB2 23.1 402 57 402 509 SD 118.6 1017 200 -200 
 puf =1634MPa, 
psE =200GPa 





MCBS-2 S 969 - -20 
MCBS-3 S 
110 
960 80/80 -20 
puf =1900 MPa, 
psE =195GPa 
MCBC-1 S 80/80 - 














sA : area of internal tension steel reinforcement, 
'
sA : area of internal compression steel reinforcement, psA : area of external tendons, me : 
eccentricity of tendons within span, se : eccentricity of tendons at interior support, psE : elastic modulus of tendons, 
'
cf : concrete cylinder 
compressive strength, pef : effective tendon stress, puf : ultimate tensile strength.  




Table 4.2 Observed crack, yield and ultimate loads of test beams (kN) 
Beam 
Designation 
( )cr nP  ( )cr pP  ( )y nP  ( )y pP  nsP  
CS0 43 34 206 220 242.1 
S11 134 99 361 300 381.9 
S12 143 98 284 311 382.3 
S21 160 136 339 374 461.5 
S22 200 135 380 392 449.9 
T21a 160 180 - - - 
T22a 210 230 - - - 
T21b - - 334 350 502.8* 
T22b - - 460 532 556.5** 
crP : crack load, yP : yield load, nsP : ultimate load 
Subscripts n  and p  refer to negative and positive moment regions, respectively. 
Suffix a and b to beam designation refer to 1st and 2nd test of beams, respectively. 
* Beam T21b tilted at this load  
** Beam T22 b localized compression failure at interior support  
 
Table 4.3 Tendon stress at critical stage (MPa) 
Effective 
stress 





pef  crnpsf ,  crppsf ,  ynpsf ,  yppsf ,  psf  
S11 1007 1042 1028 1355 1190 1459 
S12 979 1015 996 1125 1148 1360 
S21 960 998 991 1135 1167 1501 
S22 973 1024 1000 1168 1181 1444 
T21 1039 1065 1080 1230 1241 1465 
T22 1055 1090 1095 1058 1058 1058 
Subscript crn  and crp  denotes crack load at negative and positive moment region, respectively. 






















pM   
(kNm) 













CS0 242.1 -64.7 0.0 -66.2 0.0 2.3 
S11 381.9 -101.7 10.4 -101.3 10.2 10.9 
S12 382.3 -102.2 4.7 -111.4 4.6 14.2 
S21 461.5 -122.9 18.0 -105.9 14.6 0.9 









T21 502.8 -117.6 13.0 -71.7 11.0 -31.5 
1 146.6 -42.6 1.9 -34.4 4.4 -15.6 
3 127.1 -36.9 1.1 -30.7 3.0 -14.3 
 
4 84.2 -24.5 0.8 -5.5 3.1 -76.8 No internal 
steel 
reinforcement 
5 156.1 -45.4 1.4 -49.6 3.2 12.8 
Lopes et al. 
(1997) 



















































(b) Un-strengthened beam section  
 
 
(c) Strengthened beam section 
 













(b) Tendon profile 
 







0 10 20 30 40 50


















(a) Group 1 beams 
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(b) Group 2 beams 
 
































Internal steel stress (MPa)  
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Internal steel stress (MPa)  
 
(b) Group 2 beams 
 


























Stress in external tendon (MPa)  
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  Predicted nPΔ (kN) 
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Fig. 4.14 Elastic and observed moments for test beams 
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(b)Moment diagram at ultimate limit state 
 
 
(c) Tendon profile after linear transformation 
 
Fig. 4.16 Effect of linear transformation of external tendon 
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CHAPTER 5 
STRENGTHENING OF RC FRAMES WITH EXTERNAL TENDONS 
 
5.1 GENERAL 
Reinforced concrete frames, in which the beams and columns are cast together 
monolithically, are commonly found in building structures.  When beams in a RC framed 
structure are strengthened with external tendons, the supporting columns provide both 
flexural and axial restraints to deformations of beam induced by the prestressing forces.  
The former results in secondary moments and shear forces, while the latter results in 
tertiary effects.  The first part of this chapter investigates the secondary and tertiary effects 
in strengthened frames and a simplified method based on bond reduction coefficient is 
proposed.  In the second part, a test program on four single-storey RC frames strengthened 
with external tendons is presented.  The effects of column stiffness, tendon profile and 
load pattern are discussed.  The test results are compared with the analytical predictions. 
 
5.2 RESPONSE OF RC FRAMES STRENGTHENED WITH EXTERNAL 
TENDONS 
Fig. 5.1 shows a two-span RC frame strengthened with external tendons doubly-
draped at a distance L1α  from the supports.  The external loads are acting at third point in 
each span of the frame.  In the figure, psF  is the tendon force, and 1me , 2me  and se  are the 
tendon eccentricities at the drape point and interior support respectively (measured 
positive downwards from the centroidal axis).  
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Although secondary and tertiary effects are simultaneously produced in the 
strengthened frame, for ease of analysis and understanding, these two effects on the 
structures are dealt with separately as follows. 
5.2.1 Effect of Secondary Moments and Shear Forces 
First, assume that the beam AB between columns is free to undergo axial 
shortening as shown in Fig. 5.2.  Based on the deformation compatibility (that is, the 
rotation at both ends of the beam due to the primary moment of prestressing forces should 
be equal and opposite to that due to secondary moments).  The secondary moments due to 
prestressing at beam ends A and B are given respectively as:  
)()1( 111 smpssA eeFM αα −−=        (5.1) 
])1()1[( 21111 smpssB eeFM ααα +−+−=       (5.2) 
At the end support joint A, the stiffness of beam AB, column AC and AD are: 
L
EIi BAB =           (5.3) 
H
EI
ii CADAC ==          (5.4) 
where BI  and CI  are the moment inertia of beam AB and column AC (or AD) 
respectively, E  is the elastic modulus of the concrete, L  and H  are the span of beam and 
the height of column respectively. 














+== μμ         (5.6) 
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+=μ , in view of Eq. (5.1), Eq. (5.7a) becomes: 
)()1( 111 smpsAB eeFM ααμ −−=        (5.7b) 

























MMM ααμμ −−=+===   (5.9) 










)1( 111 ααμ −−===      (5.10) 








The force diagram at joint A and the distribution of secondary moments and shear 
forces in the frame are shown in Fig. 5.3.  As the structure is symmetrical with respect to 
the central column, and the shear forces above and below the beam cancel out each other 
(see Eq. [5.10]), there is no influence on the prestressing force on the beam.  This is also 
true for most real structures, but if the structure is not symmetrical, the secondary 
moments and shear forces will affect the compression forces established in the beams.   
In the columns, the secondary moments and shear forces are opposite to those due 
to the gravity load shown in Fig. 5.4(a).  This effect is beneficial for the columns.  
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However, when the frame is subjected to a lateral load as shown in Fig. 5.4(b), the effect 
can be favorable or unfavorable depending on the direction of the lateral force.  
5.2.2 Effect of Tertiary Moments and Shear Forces 
Due to the restraints by the columns, the tendon force, psF , can not be fully 
transferred to the beams but is distributed between the columns and beams as ACV , ADV  
and ABF  as shown in Fig. 5.5.  The following approximate calculation will determine the 
proportion of these three forces.  In Fig. 5.5, joint B is not affected by the axial shortening 
of the strengthened beams AB and BE because of the symmetry of property and loading.    





LF=Δ              (5.11) 
where BA  is the cross sectional area of the beam.  









3 =Δ==        (5.12) 








3===        (5.13) 
Force equilibrium at joint A gives: 
psABAC FFV =+2          (5.14) 
In view of Eq. (5.13) and (5.14), the shear force acting on the column is given as: 
   

























=       (5.15) 
where BK  is the axial stiffness of the beam and CK  is the lateral stiffness of the column, 
given by: 
L





K CC =           (5.17) 
The prestressing force transferred to the beam is given by: 






2+=ψ         (5.19) 






It can be seen that, due to the axial restraints by the columns, the compression 
forces in the beams are reduced, which will result in a lower load-carrying capacity of the 
beam and higher beam deflection.  The effect of column stiffness should be accounted for 
in the calculation by Eq. (5.18).   
As shown in Figs. 5.4 and 5.5, the shear forces due to axial restraint by the 
columns are beneficial for the lower column as they counteract part of the shear force due 
to the gravity load.  But for the upper columns, the shear forces due to tertiary effects are 
unfavorable, as they are in the same direction as those due to applied load.    
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5.3 PROPOSED METHOD OF ANALYSIS 
In this study, assuming that the columns have adequate shear and bending 
resistance to carry the increased ultimate load, the beams have sufficient transverse 
reinforcement and the concrete is in good quality.  The failure of the frame is dominated 
by the beam flexural behavior.   
The strengthened beam is analyzed as a continuous beam with the same tendon 
profile shown in Fig. 5.6.  The continuous beam has been modified as follows:  
1. The beam has flexural restraints at ends but no axial restraint 
2. The tendon force is taken as 'psF  ( psps FF ψ=' ) to incorporate the influence of 
tertiary effects. 
3. A factor μ , is applied to secondary moments, fixed end moments, deflections and 
bond reduction coefficient (Ω ), to account for the flexural restraint. 
The moment and tendon profile for the evaluation of bond reduction coefficient, 















+=μ  and μ
μβ
2
3−=  for two-span frame.  
The response of a RC frame strengthened with external tendons is divided into 
seven regimes as shown in Fig. 5.8.  Initially, the beam is uncracked and behaves in an 
elastic manner.  Maximum negative and positive moments occur at the interior support (or 
end supports for single span frame) and at the outer loading point respectively.  The first 
to third major cracks are expected to form at these three critical sections, the sequence 
depending on whether the frames are single-span or two-span and the layout of the 
external tendons.  After the beam cracks, the beam may be assumed to remain in the 
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elastic state until the internal reinforcement starts to yield at one of the critical sections.  
When internal steel starts to yield, a plastic hinge is assumed to have formed at this 
section and this is followed by the formation of second and third plastic hinges.   After the 
formation of three hinges, the frame is considered to reach the ultimate limit state.  The 
load-carrying capacity of the strengthened beam can be determined based on plastic theory.  
Other assumptions in the analysis follow those of Tan and Tjandra (2007). 
A computer program using MATLAB was developed to predict the load-deflection 
response of the strengthened frame.  The program was able to determine the crack load, 
yield load at critical sections, ultimate load capacity of the frame and the sequence of 
cracking and steel yielding.   
 
5.4 TEST PROGRAM 
Four specimens, including two single-bay RC frames and two double-bay RC 
frames as shown in Fig. 5.9, were fabricated and tested to investigate the behavior of 
strengthened frames.   
SBF-1 and SBF-2 were single-bay frames, with a span between columns of 2600 
mm.  The columns were 150300×  mm and 150200×  mm in cross section for SBF-1 and 
SBF-2 respectively.  DBF-1 and DBF-2 were double-bay frames, with a span between 
columns of 2600 mm, and the columns were 150200×  mm for both frames.  The beams 
were 250150×  mm for all frames.     
5.4.1 Preparation of Specimens 
The internal longitudinal steel reinforcement for all beam elements consisted of 
two deformed steel bars with a diameter of 13 mm (designated T13) at the bottom as well 
as at the top of the beam.  The average yield strength was 540 MPa, and the cover to the 
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longitudinal bars was 32 mm throughout.  All beams were reinforced with transverse 
reinforcement consisting of closed steel links with a diameter of 10 mm (designated T10) 
and yield strength of 540 MPa.  The links were spaced at 100 mm within the one-third 
spans adjacent to supports and 150 mm in the remaining span. 
The internal longitudinal steel reinforcement for all columns consisted of four 
deformed steel bars with a diameter of 13 mm (designated T13) at each corner of the 
columns.  The cover to the longitudinal bars was 32 mm.  All columns were reinforced 
with transverse reinforcement consisting of closed steel links with a diameter of 10 mm 
(designated T10) and spacing of 150 mm.   
Seven-wire steel strands with a nominal diameter of 9.5 mm were installed one on 
each side of the beam, with a total area of 110 mm2.  The strand had an ultimate tensile 
strength of 1900 MPa and elastic modulus of 195 GPa.  Specially designed steel brackets 
were attached to both sides of the beam using 14 mm diameter high-strength bolts to 
control the profile of the tendons.  Teflon sheets were provided between the tendons and 
bracket surfaces to reduce the friction.  The properties of internal reinforcement and 
external prestressing steel are listed in Table 5.1. 
The concrete mix was designed to achieve a target compressive strength of 35 
MPa at 28 days.  The frames were cast in wooden moulds.  Two days after casting, the 
formworks were removed and the specimens were left in the laboratory under ambient 
conditions until the day of test.  Eight cylinders ( 200100×φ  mm) and four cubes 
( 100100100 ××  mm) were taken for each frame for the determination of concrete strength.  
The cylinders and cubes were kept under the same conditions as the frames.  The concrete 
compressive strengths at the time of test for all frames are listed in Table 5.2. 
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5.4.2 Instrumentation  
The layout of instrumentation devices is shown in Fig. 5.10.  During the tests, 
beam displacements at the mid-span section and at sections under the point loads were 
measured using 100 mm linear variable differential transducers (LVDTs).  Electrical 
resistance strain gauges were fixed on the internal steel reinforcement and external 
tendons.  The strain gauge readings and LVDT readings were recorded automatically 
using a computerized data acquisition system. 
5.4.3 Test Set Up and Procedure  
All frames were tested under two third-point loads on each span.  The columns 
were intended to be pin supported at top and bottom as shown schematically in Fig. 
5.11(a).  In the test, the top and bottom of columns were fixed to steel beam through 16 
mm thick end plate.  Four M20 bolts spaced at 100 mm longitudinally in the direction of 
the beam and 200 mm transversely were provided.  The bottom tie beam was fixed on the 
floor, and top beam was supported by two triangular steel bracing frames.  The set up of 
the frame is shown in Fig. 5.11(b) and 5.11(c). 
To simulate the actual condition of concrete framed structures that require 
strengthening and rehabilitation, all frames were loaded to the service load level (about 85 
kN, based on unstrengthened frame configuration) and unloaded to half that value, that is, 
about 40 kN.  Then the frames were strengthened with external tendons.  All frames were 
tested to failure with external tendons doubly draped at loading points.   
Frames SBF-2 and DBF-1 were first tested with tendons singly-draped at mid-span.  
The frames were loaded up to the service load level and then relieved of load; the results 
are shown as SBF-2a and DBF-1a respectively.  After that, the tendons were cut and the 
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unstrengthened frames were loaded to 40 kN again before tendons doubly-draped at 
loading points were installed and stressed. 
The target effective stress pef  in the external tendons was 0.5 puf .  The tendons 
had zero eccentricities at the two end supports for all frames.  The tendon profile of double 
bay frames were linear transformation of those in single-bay frames, with an eccentricity 
of 60 mm at the interior support.   
The tendon layouts for test frame are shown in Fig. 5.12.  Effective stresses in the 
external tendons after prestressing are shown in Table 5.3. 
 
5.5 TEST RESULTS AND DISCUSSION 
5.5.1 General Behavior  
SBF-1 was post-tensioned with doubly-draped tendons.  After the tendon stress 
had stabilized, the loads on frame were reduced to zero.  After that, the frame was 
monotonically loaded to failure.  The maximum load was 285 kN.  The test stopped due to 
crushing of concrete at the inner corner of loading points which caused slipping of rockers 
(the frame was cast horizontally, the segregation occurs on the side facing upwards).  At 
this load, the mid-span deflection had reached 13.8 mm.  The load-deflection response is 
shown in Fig. 5.13. 
SBF-2 was first installed with tendons singly-draped at mid-span.  After stressing, 
the frame was loaded to 135 kN (service load level, based on the strengthened 
configuration) and unloaded to zero.  The results are shown as SBF-2a in Fig. 5.14(a).  
Then the tendons were cut away and the frame was re-loaded up to 40 kN.  The frame was 
provided with tendons doubly-draped at loading points.  After prestressing, the frame was 
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tested to failure.  The results are shown as SBF-2b in Fig. 5.14(b).  The ultimate load for 
SBF-2b was 280 kN.  Frame SBF-2b underwent large deflection at ultimate, the test was 
stopped when the deflection reached 59.5 mm and load dropped to 244 kN.  The concrete 
crushed at the bottom of the beam at both supports and at the top of the beam at loading 
points.  Large diagonal cracks formed in the columns, indicating that they were subjected 
to high shear force. 
DBF-1 was subjected to the same testing procedure as SBF-2.  After strengthening 
with tendons singly-draped at mid-span section, the frame was loaded to 145 kN (service 
load level, based on the strengthened configuration) and unloaded to zero in both spans.  
The results are shown as DBF-1a in Fig. 5.15(a) and 5.15(d) for left span and right span 
respectively.  Next, the frame was loaded again to 40 kN and provided with new tendons 
doubly-draped at loading points.  The frame was loaded to failure.  The test results are 
shown as DBF-1b in Fig. 5.15(b) and 15(e) for the left span and right span respectively.  
The ultimate loads for DBF-1b were 299 kN and 293 kN for the left span and right span 
respectively.  Frame DBF-1b underwent large deflections at ultimate.  The test stopped 
when the deflection reached 45.8 and 40.7 mm for the left span and right span respectively.  
The concrete crushed at the mid-span section and under the outer loading point for the 
left-span and the right-span beams respectively, and at the supports.  Diagonal cracks 
formed at the columns at both ends, with the concrete crushing in the right-end column.  
DBF-2 was strengthened with tendons doubly-draped at loading points after 
preloading (stage 0 4→ ).  The strengthened frame was then loaded to 100 kN (stage 
54 → ) in both spans as shown in Fig. 5.16(a) and 5.16(b).  Then the left span was further 
loaded, while the load on the right span remained at 100 kN.  With the increase in load on 
the left span, the deflection of right-span reduced as shown in Fig. 5.16(b) stage 65 → .  
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The loading process for the left span stopped at 261 kN with the internal steel 
reinforcement yielding at supports and mid-span sections and diagonal cracks forming in 
the left supporting column.   
Then the left span was unloaded to 100 kN (stage 76 → ).  At this stage, the 
deflection of the left span recovered by 8 mm.   
In the second load cycle, the load on the right span was increased while that on the 
left span remained at around 100 kN.  The maximum load reached 282 kN.  After that, the 
load decreased with the increase of mid-span displacement as shown in Fig. 5.16(b) stage 
87 → .   
When the load on the right span dropped to 269 kN, the load on the left span was 
increased again while keeping the load on the right span at 269 kN.  As a result, the right 
span deflection reduced as shown in Fig 5.16(b), stage 98 → .  When the deflections in 
both spans balanced, the load on the right span was increased again (stage 109 → ).  The 
maximum loads were 278 and 292 kN for the left span and right span respectively.  The 
test stopped when the concrete crushed at the corner under the load point in the left span 
which caused the slipping of rockers.  The concrete crushed at the top of beam at loading 
point for both spans and at bottom of beam at all supports.  Diagonal cracks formed, 
indicating high shear in the columns. 
The crack load, yield load and ultimate load of four frames are shown in Table 5.4. 
5.5.2 Effect of Prestressing  
As the prestressing forced was applied, the cracks that were formed in the 
preloading stage at the interior support sections almost closed up, while those formed 
within the span closed up completely.  The deflection at mid-span section reduced by 64 
to 71%, as shown in Table 5.5.     
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Figures 5.17 to 5.21 show the internal steel stress in the beams for all test frames.  
In stage 32 →  for Frames SBF-1, SBF-2a, DBF-1a and DBF-2 or stage 62 →  for 
Frames SBF-2b and DBF-1b, the internal steel stress reduced by 150 MPa to 380 MPa due 
to external post-tensioning. 
5.5.3 Effect of Column Stiffness 
The effect of column stiffness was studied by comparing Frames SBF-1 and SBF-
2b.  The columns were 150300×  mm and 150200×  mm for SBF-1 and SBF-2 
respectively.   
Load-deflection response. – Fig. 5.22 shows the load versus mid-span section deflection 
relations.  SBF-1 showed stiffer response, as the column stiffness was larger and thus the 
columns provided greater restraint to beam displacements.  However, Frame SBF-1 failed 
prematurely and did not show large deflection at ultimate as compared with frame SBF-2b. 
External tendon stress. – The development of stresses in the external tendons is shown in 
Figs. 5.23 and 5.24.  Before the beam cracks re-opened, the stress increase was small for 
both frames.  The stress increase was larger after both the negative and positive moment 
regions have re-cracked.  After the internal steel yielded, significant beam deformation 
took place, resulting in considerable stress increase in SBF-2b.  The tendon stress increase 
is listed in Table. 5.6.  
As frame SBF-1 was stiffer than SBF-2b, the deformation of the beam at the 
deviator point was smaller than that of SBF-2b.  As a consequence, the elongation of 
external tendons was smaller and the stress increase was smaller than that of SBF-2b as 
shown in Fig. 5.25.   
Internal steel stresses. – Figs. 5.17 and 5.18 show the development of stresses in the 
internal tensile steel reinforcement at the support and critical positive moment regions for 
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SBF-1, SBF-2a and SBF-2b respectively.  The stress increments for both frames were 
generally small and showed the same trend before crack re-opening, and were larger after 
the crack re-opening.   
The beam in SBF-1 exhibited higher yield load than that of SBF-2b as shown in 
Fig. 5.26.  It can be seen that, higher column stiffness reduced the internal steel stress of 
the beams due to the higher restraint provided by the columns.  
Crack development. – Figs 5.27 and 5.28 show the load versus maximum crack width 
relations for frame SBF-1 and SBF-2b respectively.  At negative moment regions, under 
the service load of the strengthened frames, which was assumed as the ultimate load-
carrying capacity divided by a factor of 1.6, the maximum crack widths were 0.4 mm and 
0.32 mm for SBF-1 and SBF-2b respectively, which exceeded the value of 0.3 mm.  As 
the column stiffness of SBF-1 was larger than that of SBF-2b, the restraint provided for 
the beam was greater and the beams had larger fixed end moments, as a result, the beam in 
SBF-1 showed larger crack width at end support and smaller crack width within the span 
compared to SBF-2b, as shown in Fig. 5.29. 
5.5.4 Effect of Load Pattern  
The effect of load pattern was investigated by comparing Frames DBF-1b and 
DBF-2.  DBF-1b was loaded simultaneously on both spans, while DBF-2 was loaded on 
one span with the load on the other span remaining at the dead load level.    
Load-deflection response. – Frame DBF-1b exhibited much higher deflection at ultimate 
load compared to frame DBF-2, as observed from Figs. 5.15 and 5.16.  Frame DBF-1b 
registered higher yield load and load-carrying capacity than DBF-2.  The load-carrying 
capacity of DBF-1b was about 9% higher than that of DBF-2. 
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Figure 5.30 compares the load vs. mid-span deflection relations of DBF-1b and 
DBF-2 for both the left-span and right-span beams.  In the figure, left-span beam of DBF-
2 (loading stage 65 → ) experienced higher displacement under the same load compared 
with the right-span beam of the same frame (loading stage 87 → ) and both beams of 
DBF-1b.  This can be explained based on the beam deformation and tendon elongation.  
When the left-span beam was loaded with the load on the right-span beam remaining at 
100 kN in loading stage 65 → , frame DBF-2 would mobilize less tendon stress, resulting 
in lower yield load, lower load-carrying capacity and higher deflection for the left span.   
In Frame DBF-2, when the right-span beam was loaded with the load on the left-
span kept at 100 kN (post failure of left span, loading stage 87 → ), the deflection of the 
left-span beam reduced as shown in Fig. 5.16(a) (loading stage 87 → ), but left-span 
beam still had a 8 mm residue deflection.  The tendons developed higher stress, and the 
right-span beam in stage 87 →  showed stiffer load-deflection response than that of left-
span beam in stage 5 6→ .   
It can be seen from Fig. 5.30, before the yielding of internal steel reinforcement, 
DBF-2 exhibited similar stiffness as DBF-1b.  But after the internal steel yielded, DBF-1b 
mobilized higher tendon stress due to simultaneous loading at both spans and the frame 
showed stiffer response and higher load-carrying capacity.      
An interesting finding was the post-failure response of both spans for DBF-2.  The 
applied load began to decrease after the load on the right-span beam reached a value of 
282 kN.  However, the applied load subsequently increased due to increase in tendon 
stress.  The highest load-carrying capacity registered was 278 kN and 292 kN for the left-
span and right-span beams respectively, as shown in Fig. 5.16 in loading stage 109 → . 
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External tendon stress.  – The development of tendon stresses for DBF-1b and DBF-2 
are shown in Figs. 5.31 and 5.32 respectively.  As shown in Fig. 5.32, for the left-span of 
DBF-2, the rate of tendon stress increase in stage 65 →  is lower than in stage 54 → , as 
the load was increased on one span only.   
Figure 5.33 compares the tendon stress in DBF-1b with those in DBF-2.  It can be 
observed that, for DBF-2 under simultaneous load, the tendon stress curve was almost 
parallel to that of DBF-1b in loading stage 54 → .  During stage 65 → ,  when only the 
left-span beam of DBF-2 was subjected to increased loads, there was a slower rate of 
increase in tendon stress, as the beam could mobilize tendon elongation at only one span.  
During stage 87 → , in which the right-span beam was subjected to increased loads, the 
rate of increase of tendon stress was even lower.  However, due to the considerably large 
residual deflection in the left-span beam, the right-span showed higher tendon stress than 
the left-span at loading stage 65 → .  The tendon stresses are listed in Table. 5.6. 
It could be concluded that simultaneous load at both span led to mobilization of 
higher tendon stress.    
Internal steel stresses. – Figs. 5.19, 5.20 and 5.21 show the development of stresses in the 
internal tensile steel reinforcement at the support and critical positive moment regions for 
DBF-1a, DBF-1b and DBF-2 respectively.  Fig. 5.34 compares the stress in DBF-1b and 
DBF-2.  The internal steel stresses of DBF-1b at the end support lie between those of 
DBF-2.  As DBF-1b was loaded on both spans, the moment at the interior support was 
higher than that of DBF-2; as a consequence, the internal steel reinforcement showed 
higher stress.  
 Crack development. – Figs. 5.35 and 5.36 show the load versus maximum crack width 
relations for Frames DBF-1b and DBF-2 respectively.  Due to the considerable residual 
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displacement in the left-span beam, the right-span of DBF-2 exhibited higher tendon stress 
during loading stage 87 → , and smaller crack widths were observed.  
As shown in Fig. 5.37, at the interior support, frame DBF-1b showed higher crack 
widths due to the higher beam end moment.  At the span, the response of DBF-1b lies 
between those observed in the left-span and right-span of DBF-2. 
5.5.5 Effect of Tendon Profile 
The tendons in Frames SBF-2a and DBF-1a were singly-draped at the mid-span 
section, while those in Frames SBF-2b and DBF-1b were doubly-draped at the loading 
points.   
Load-deflection response. – As shown in Figs. 5.14(c), and 5.15(c) and (f), the responses 
of frames with singly-draped tendons or doubly-draped tendons were almost the same for 
both single-bay and double-bay frames up to the service load level, as described in Section 
5.5.3 and 5.5.4.   
External tendon stress. – Fig. 5.24(c) compares the tendon stress development in Frames 
SBF-2a and SBF-2b, while Figs. 5.31(c) and 5.31(f) compares that in Frames DBF-1a and 
DBF-1b.  In the initial phase of loading, the tendon stress increments were identical, but 
with the increase in applied loads, the two curves began to bifurcate, with the stress 
increase in case of doubly-draped tendons being higher than in singly-draped tendons. 
Internal steel stresses. – The development of internal steel stresses at end support sections 
was similar as shown in Figs. 5.38(a) and (b) for Frames SBF-2a and SBF-2b.  But the 
singly-draped tendons resulted in lower steel stress at the mid-span section, as showed in 
Fig. 5.38(c).  A similar trend was observed between Frames DBF-1a and DBF-1b as 
shown in Fig. 5.39. 
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Crack development. – Doubly-draped tendons were more effective than that of singly-
draped tendons in crack control at both the negative and positive moment regions as 
shown in Figs. 5.28 and Fig. 5.35. 
 
5.6 COMPARISON WITH TEST RESULTS  
Fig. 5.40 compares the predicted load-deflection characteristics of the frames with 
the test results.  The diamond-shaped and circular symbols are observed test results for the 
unstrengthened frame and strengthened frames, respectively.  The solid line and broken 
line show the predicted values for the strengthened frame with and without accounting for 
tertiary effects, respectively, while the chain line shows the prediction for the 
unstrengthened frame.  
In the test, Frame DBF-2 was loaded to failure in one span with the other span 
subjected to a constant load equal to the design dead load.  Thus, in the prediction of load-
deflection characteristics for this frame, the bond reduction coefficients ( Ω ) used to 
evaluate the tendon stress were multiplied by a factor of 
2
1  to consider the effect of 
pattern load. 
 The prediction agreed with the test results very well except near the ultimate load.  
Comparing the solid line and broken lines, it can be seen that, ignoring the tertiary effects 
in the analysis of strengthened beam results in: (a) overestimation of load-carrying 
capacity of the beam; and (b) underestimation of deflection of strengthened beam 
especially after the yielding of internal reinforcement. 
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Table 5.8 shows the predicted and observed load-carrying capacities of the 
strengthened frames, and the results of tertiary effects.  For Frames SBF-2a and SBF-2b 
with 95.0≥ψ , the tertiary effects are not significant.   
 
5.7 SUMMARY 
Based on the analytical study of RC frames with beams strengthened by external 
post-tensioning, it was found that: 
1. The secondary effects are beneficial to the frames under gravity load.  For frames 
with symmetrical layout, the secondary moments have no influence on the axial 
forces imposed on the strengthened beams.  The tertiary effects may have a serious 
influence on the response of strengthened beams, as they reduce the compressive 
stress established on the beam, which results in lower load-carrying capacity of the 
beam and larger beam deflection, especially after the yielding of internal 
reinforcement.  Tertiary effect introduces moments and shear forces in the columns 
and the magnitude depends on the relative stiffness of the columns and beams, the 
number of spans and the distance of columns to the deformation center. 
2. When there are lateral loads acting on the frame, the secondary and tertiary effects 
on the columns may or may not be favorable, depending on the direction of the 
lateral loads.   
3. RC frames strengthened with external tendons can be analyzed using flexural 
theory based on the concept of bond reduction coefficients.   
Tests on four single-storey RC sub-frames, including two single-bay frames and 
two double-bay frames, with beams strengthened by external tendons, were carried out.  
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Irrespective of the tendon profile, post-tensioning of the beams was observed to: (a) 
reduce the crack widths in the beams or closing up the cracks completely; (b) result in a 
stiffer load-deflection response and hence a reduction in the deflection of the beams; (c) 
reduce the tensile stress in the internal reinforcement steel; and (d) increase the yield load 
and load-carrying capacity of the strengthened frame.  As a result of external post-
tensioning, the load-carrying capacity of the beams was increased by up to 120% without 
significant reduction in the ultimate deformation. 
From the tests, the following conclusions can be drawn: 
1. The tertiary effects lead to reduced compressive stress in the beams; as a 
consequence, the crack widths at the beam support sections exceeded the code 
(ACI 2008) limits of 0.3 mm for exterior exposure for all four frames.   
2. A larger column section provides higher restraint on the beam, leading to a stiffer 
load-deflection response and lower increase in tendon stress.  As far as cracking is 
concerned, a frame with higher column stiffness shows better performance in the 
beam span and inferior performance at the beam support compared with frames 
with smaller column stiffness. 
3. The strengthened frames subjected to unequal load on adjacent spans exhibited a 
lower load-carrying capacity and ductility and higher crack widths than the frames 
subjected to equal loads on both spans.     
4. The flexural response of the frames in terms of beams deflections at service load 
level was not affected by the tendon profile.  However, frames with tendons 
doubly-draped at loading points showed better crack control, and are 
recommended over singly-draped tendons.  
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5. The columns in the test frames developed large diagonal cracks.  The secondary 
and tertiary effects on the strengthened frame have to be considered.  The flexural 
and shear capacities of the columns have to be checked to ensure the stability of 
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Table 5.1 Material properties of steel reinforcement and prestressing tendons 









reinforcement T13 132.7 540 200 
Internal transverse 
reinforcement T10 78.5 540 200 
Prestressing steel  9.5 mm 7-wire strand 55.0 1786* 195 
* taken as 0.94 times of the ultimate tensile strength, puf  
 
Table 5.2 Concrete strength 
Frame Cylinder strength, 
'
cf  (MPa) 
Cube strength, 
cuf  (MPa) 
SBF-1 41.1 43.2 
SBF-2 32.6 37.5 
DBF-1 35.8 36.1 
DBF-2 29.9 30.7 
 
 
Table 5.3 Effective tendon stresses for the frame under study 
Frame Tendon area psA  (mm
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Table 5.4 Crack, yield and ultimate load of test frames (kN) 










)( pyP  uP  
SBF-1 30/50 - 33/75 276  283 285 
SBF-2a 30/50 - 40/65 - - - - 
SBF-2b - - 70 221  231 280 
DBF-1a 37/70 20/70 37/80 - - - - 
DBF-1b(L) 268 243 290 299 
DBF-1b(R) - - - 275 224 244 293 
DBF-2(L) 246 224 251 261/278 
DBF-2(R) 35/60 22/65 45/75 274 253 268 282/292 
crP : crack load, yP : yield load, uP : ultimate load 
Subscript ( n ) and ( p ) refer to negative and positive moment regions respectively. 
* YYXX / : XX denotes the cracking load of un-strengthened frame, YY  denotes the cracking 
load of strengthened frame 
 
 
Table 5.5 Effect of external prestressing on mid-span deflection  






SBF-1 2.24 0.7 69 
SBF-2a 3.53 1.03 71 
SBF-2b 3.95 1.41 64 
DBF-1a 2.73 2.57 0.97 0.8 64 69 
DBF-1b 2.73 2.47 0.94 0.6 66 76 
DBF-2 2.71 2.32 0.91 0.7 66 70 
 
 
Table 5.6 Stress increase in external tendons (MPa) 












uP→0   
**  
SBF-1 10 - 21 228 - 267 275 
SBF-2a 18 - 28 - - - - 
SBF-2b - - - 205 - 223 608 
DBF-1a 22 22 25 - - - - 
DBF-1b(L) 288 242 406 532 
DBF-1b(R) - - - 350 181 248 658 
DBF-2(L) 164 128 177 222/443 
DBF-2(R) 17 19 26 250 216 272 319/526 
** bbaa / : aa denotes the tendon stress increase due to one span subjected to increased load with 
the load on the other span remained at 100 kN, bb  denotes the tendon stress increase at post-
failure stage. 
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Table 5.7 Maximum deflection and crack widths at service load for strengthened frames 
Maximum crack width (mm) Frame Maximum  
deflection (mm) Positive moment region Negative moment region 
SBF-1 4.85 0.22 0.40 
SBF-2a 5.36 0.20 0.30 
SBF-2b 7.86 0.24 0.32 
DBF-1a 4.44 0.16 0.30 
DBF-1b 6.33 0.16 0.40 
DBF-2 6.37 0.22 0.40 
 
 
Table 5.8  Predicted and observed load-carrying capacity  
Load carrying capacity (kN) 
Predicted 
  





SBF-1 0.947 1.000 0.857 247 255 285 
SBF-2a 219 222 - 
SBF-2b 
0.842 1.000 0.953 
245 249 280 
DBF-1a 218 224 - 
DBF-1b 
0.727 1.563 0.910 
245 253 296 
DBF-2 0.727 1.563 0.910 217 223 261/282 
Note: 

































   













(b) Secondary moments  
 
Fig. 5.2 Secondary moments for beam AB without axial restraint 
   

























   









(b) Under lateral load 
 
Fig. 5.4 Response of frame to vertical and lateral loads 
 
   





















   































   
























Load, P  








2nd major cracking 
Initiation of 1st plastic hinge 
Initiation of 2nd plastic hinge 
3rd major cracking 
1st major cracking 
Initiation of 3rd plastic hinge 
Deflection, Δ  
AB : Elastic uncracked regime  BC : 1st elastic cracked regime 
CD : 2nd elastic cracked regime  DE : 3rd elastic cracked regime 
EF  : 1st nonlinear cracked regime  FG : 2nd nonlinear cracked regime 
GH : 3rd nonlinear cracked regime 
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a) Reinforcement for SBF-1  
 
 
b) Reinforcement for SBF-2 
 
 
c)  Reinforcement for DBF-1 and DBF-2 
 
Fig. 5.9 Reinforcement details for frames under study (cont’d) 
 
 
   






d) Section details 
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(a) Strain gauges on internal steel reinforcement 
 
 (b) Strain gauges on external tendons 
 
 
 (c) Deflection measurements 
 
Fig. 5.10 Instrumentations on test frames 
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 (a) Schematic sketch of test set-up 
 
 
(b) Elevation view of actual set up 
 
Fig. 5.11 Typical test frame set up (cont’d) 
 
   




(c) Side view of actual set up 
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(a) Tendon layout for SBF-1  
 
(b) Tendon layout for SBF-2a 
 
 
(c)Tendon layout for SBF-2b 
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(e) Tendon layout for DBF-1b and DBF-2 
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Fig. 5.14 Load vs. mid-span deflection relations for SBF-2 
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(b) at right end support
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(c) at mid-span section 
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(b) at right end support






























(e) at right end support










(f) at mid-span section
Internal steel stress (MPa)
 
Fig. 5.18 Load vs. internal steel stresses relations for SBF-2 
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Fig. 5.19 Load vs. internal steel stresses relations for DBF-1a 
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Fig. 5.21 Load vs. internal steel stress relations for DBF-2 
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Fig. 5.23 Load vs. external tendon stress relations for SBF-1 
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Fig. 5.24 Load vs. external tendon stresses relations for SBF-2 
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Fig. 5.26 Internal steel stress for Frame SBF-1 and SBF-2b 
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Fig. 5.32 Load vs. tendon stresses relations for DBF-2 
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Fig. 5.34 Load vs. internal steel stress relations for double-bay frame 
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6.1 REVIEW OF THE WORK 
This study was carried out to further study the application of external post-
tensioning in strengthening simple-span and continuous beams, as well as in strengthening 
beams in RC frames. 
In the first part of the study, a direct method for the strengthening design of 
simple-span beams using external tendons was proposed.  In the method, the flexural 
capacity of critical section at mid-span or under the applied concentrate load is first 
evaluated from section analysis.  Based on moment equilibrium condition, a set of 
equations, termed “Refined Equations”, relating the increase in load-carrying capacity of 
the beam and the tendon forces and profile, was obtained.  The same set of equations 
could be obtained using strut-and-tie models.  The increase in load-carrying capacity 
comprises two components, one due to the vertical component of the prestressing force, 
and the other due to the horizontal component of the prestressing force, which resulted in 
an increased concrete compression zone at ultimate limit state.  By neglecting the first 
component, a set of “Simplified Equations”, which is independent of the material 
properties of the beam to be strengthened, was obtained. 
Three equations for the tendon stress were used together with the proposed 
equations to predict the increase in load-carrying capacity of 124 simple-span beams from 
previous investigations.  Recommendations on the use of the proposed equations were 




The direct design approach was explored for the use in continuous beams 
strengthened with external tendons.  As in the case of simple-span beams, two sets of 
equations, “Refined Equations” and “Simplified Equations”, relating the increase in load-
carrying capacity and the tendon configuration, were derived based on the collapse 
mechanism analysis.  Again, the same equations could be obtained using strut-and-tie 
models.  An experimental program, comprising one control, unstrengthened two-span 
continuous beam and six others strengthened with external tendons, was carried out.  The 
test parameters include the tendon area, profile and tendon eccentricities.  The deflection 
and cracking characteristics and the development of stress in the internal reinforcement 
and external tendons were compared.  Also, the current test results and those from other 
investigations were compared with the predictions of the proposed approach.   
In addition, the measured moments at critical positive and negative moment 
sections were compared with those obtained from elastic analysis.  Moment redistribution 
was considered in four phases, and the effect of cracking on moment redistribution was 
addressed.  The relation between secondary moment and moment redistribution was 
examined and the effect of linear transformation of external tendons was discussed. 
Last part of the research dealt with RC frames with beams strengthened by external 
post-tensioning.  The secondary and tertiary effects on the strengthened beams and 
existing columns were analyzed.  The response of strengthened RC frame was 
characterized by piece-wise linear relation, and analyzed using the concept of bond 
reduction coefficients.  A test program of four single-storey RC frames was carried out, 
and the test results were compared with the analytical predictions.  The effects of column 
stiffness, load pattern and tendon profiles on the response of strengthened frames were 




6.2 FINDINGS FROM THE STUDY 
From the study on simple-span and continuous beams strengthened with external 
tendons, the following conclusions can be drawn: 
1. A comparison with the test results reported in the literatures indicated that the 
predictions of the “Refined Equations” are in good agreement with the observed 
values.  On the other hand, the “Simplified Equations” give a relatively 
conservative estimate of the increase in load-carrying capacity due to the external 
tendons 
2. Moment redistribution in continuous beams strengthened with external tendons 
can be characterized into four phases.  In Phase One, which occurs up to first 
cracking of the beam, moment is distributed from interior support to the mid-span 
due to the addition of external tendons.  In Phase Two, from the first crack to 
second crack formation, moment was distributed from the cracked section to 
uncracked section.  If the first crack happens at mid-span section, then moment 
would be redistributed to interior support section, and vice-versa.  In Phase Three, 
from the second crack formation to first yielding of internal steel reinforcement, 
moment redistribution was generally not significant.  Elastic redistribution governs 
in the first three phases and is purely due to the distribution of stiffness along the 
beam.  In Phase Four, after the internal steel reinforcement had started to yield, 
plastic redistribution occurred in addition to elastic redistribution. 
3. At ultimate limit state, moment redistributed to the interior support sections in the 
control beam and five other strengthened beams.  In one beam, moment was 





4. Secondary moments affect the elastic redistribution, as they can change the 
sequence of first cracks in the beam.  At ultimate, moment redistribution at interior 
support section decreases with the increase in secondary moments. 
5. Linear transformation of external tendons has no significant influence on the 
flexural behavior of the strengthened beams, as far as the deflection and ultimate 
load-carrying capacity are concerned.  Tendon with a higher eccentricity at the 
interior support gave better serviceability performance. 
 
Based on the analytical study of RC frames with beams strengthened by external 
post-tensioning, it was found that: 
1. Secondary effects are beneficial in frames under gravity load.  For frames with 
symmetrical layout, the secondary moments have no influence on the axial forces 
acting on the strengthened beams.  Tertiary effects may have a serious effect on the 
response of strengthened beams; they reduce the flexural compressive stress on the 
beam, thus reducing the load-carrying capacity of the beam while increasing the 
beam deflection, especially after the yielding of internal reinforcement.  Tertiary 
effects introduce moments and shear forces in the columns and the magnitude 
depends on the relative stiffness of the columns and beams, the number of spans 
and the distance of column to the deformation center. 
2. When there is lateral load acting on the frame, the secondary and tertiary effects 
are favorable for some columns, and unfavorable for others, depending on the 
direction of lateral load.   
3. RC frames strengthened with external tendons can be analyzed using the concept 





From the test on four single-storey RC frames, the following conclusions can be 
drawn: 
1. Tertiary effects reduce the flexural compressive stress acting on the beams.  As a 
consequence, the crack at the beam support for all four frames exceeded the code 
(ACI 2008) limits of 0.3 mm for exterior exposure condition.   
2. Larger column section provides higher restraint on the beam deformation, leading 
to a stiffer load-deflection response and a lower increase in tendon stress.  As far 
as cracking is concerned, a frame with higher column stiffness shows better 
performance in the beam span and inferior performance at the beam support 
compared with frames with smaller column stiffness. 
3. The strengthened frames subjected to unequal loads on its spans exhibited lower 
load-carrying capacity and ductility and higher crack widths compared to frames 
subjected to equal loads on both spans.     
4. The flexural response of the frames was not affected by the tendon profile, in terms 
of beams deflections at service load level.  However, frames with tendons doubly-
draped at loading points show better crack control.  Thus doubly-draped tendons 
are recommended for implementation.   
5. Columns in the test frames developed large diagonal cracks.  The influences of 
secondary and tertiary effects on the strengthened frame have to be taken into 
consideration.  The flexural and shear capacities of the columns have to be 
checked to ensure the stability of the frames in the post-yielding stage of 





6.3 RECOMMENDATION FOR PRACTICAL APPLICATION 
6.3.1 Preliminary Design 
In the preliminary design stage, the basic control parameters should be selected as 
per Tan et al. (1997, 2002)’s recommendations and listed below: 
1. The effective tendon stress, pef , should be between 0.4 and 0.65 times of the 
ultimate strength of the external tendons, puf .  The effective tendon depth at 
critical section, pd , should be between 0.65 to 0.9 times of overall beam height.   
2. Sufficient deviators should be provided for the strengthened beams.  For beams 
with span-to-depth ratio ( pdL / ) less than 20, one deviator should be provided at 
the mid-span section, for beams with span-to-depth ratio ( pdL / ) more than 20, 
two deviators, one each at the one-third span section should be provided.  
3. Linear transformation should be utilized to achieve appropriate tendon profile.  
Generally, doubly-draped tendons are recommended for beams carrying two point 
loads.  In continuous beams, the tendons should have some eccentricities at the 
interior support to satisfy the serviceability requirement. 
4. The shear capacity of the strengthened beams shall be considered before the 
selection of an appropriate strengthening ratio.   
6.3.2 Analysis and Design 
The analysis and design of beams strengthened with external tendons can be 
facilitated by the proposed “Refined Equations” and “Simplified Equations”.  Depending 
on the purpose and the availability of section and material properties of the beam, the 




(a) If the material properties of the beam are unknown or in preliminary strengthening 
design, the “Simplified Equations” (3.19-3.21 and 4.20) together with ACI Eq. 
(3.22 and 4.21) for psf  can be used to determine the tendon area required for a 
specified increase in load-carrying capacity of the beam. 
(b) If the section and material properties of the beam are known, the “Refined 
Equations” (3.13-3.15 and 4.19) together with the value of K  based on Eq. (3.9 
and 4.9) can be used to determine the required tendon area for a specified increase 
in load-carrying capacity. 
(c) If the tendon area has been provided and the section and material properties of the 
beam are available, the “Refined Equations” together with the value of K  based 
on Eqs. (3.11) and (4.11) can be used to evaluate the increase in load-carrying 
capacity of the beam. 
Secondary moments are beneficial for the frames under gravity load and will not 
affect the stress established in the beams provided that the frame is symmetrical. 
Tertiary effects should be accounted for in the evaluation of stress acting in the 
strengthened beams in RC frames.  In particular, special attention should be given to the 
checking for deflection and load-carrying capacity.  Existing columns in the frames should 









6.4 RECOMMENDATION FOR FUTURE RESEARCH 
Simple-span beams, continuous beams and RC frames strengthened with external 
tendons had been investigated in this department.  Further studies in following areas are 
recommended: 
1. Moment redistribution for continuous beams with localized external tendons needs 
further study. 
2. Strengthening of steel structures with external post-tensioning, especially steel 




1. Aalami, B. O. and Swanson, D. T. (1988), “Innovative Rehabilitation of a Parking 
Structure,” Concrete International, Vol. 10, No.2, Feb., pp.30-35.  
2. AASHTO (1994), “LRFD Bridge Design Specifications,” 1st Edition, American 
Association of State Highway and Transportation Officials, Washington DC. 
3. AASHTO (1998), “LRFD Bridge Design Specifications,” 2nd Edition, American 
Association of State Highway and Transportation Officials, Washington DC. 
4. AASHTO (2004), “LRFD Bridge Design Specifications,” 3rd Edition, American 
Association of State Highway and Transportation Officials, Washington DC. 
5. Abeles, P. W. and Bardhan-Roy, B. K. (1981), Prestressed Concrete Designer’s 
Handbook, Viewpoint Publication, 3rd Edition. 
6. ACI Committee 318 (2008), “Building Code Requirements for Structural Concrete 
and Commentary (ACI 318-08),” American Concrete Institute. 
7. Alkhairi, F. M. and Naaman, A. E. (1993), “Analysis of Beams Prestressed with 
Unbonded Internal or External Tendons,” Journal of Structural Engineering, Vol.119, 
No.9, Sep., pp.2680-2700.  
8. Aparicio, A. C. and Ramos, G. (1996), “Flexural Strength of Externally Prestressed 
Concrete Bridges,” ACI Structural Journal, Vol.93, No.5, Sep-Oct., pp.512-523.  
9. Aparicio, A. C. and Ramos, G., and Casas, J. R. (2002), “Testing of Externally 
Prestressed Concrete Beams,” Engineering Structures, Vol.24, No.1, Jan., pp.73-87.  
10. Aravinthan, T., Mutsuyoshi, H., Fujioka and A., Hisiki, Y. (1997), “Prediction of the 
Ultimate Flexural Strength of Externally Prestressed PC Beams,” Transactions of the 
Japan Concrete Institute, Vol. 19, pp.225-230.  
 References 
 176
11. Aravinthan, T., Witchukreangkrai, E. and Mutsuyoshi, H. (2005), “Flexural Behavior 
of Two-Span continuous Prestressed Concrete Girders with Highly Eccentric External 
Tendons,” ACI Structural Journal, Vol.102, No.3, May-Jun., pp. 402-411. 
12. Au, F. T. K. and Du, J. S. (2004), “Prediction of Ultimate Stress in Unbonded 
Prestressed Tendons,” Magazine of Concrete Research, Vol.56, No.1, Feb., pp.1-11.  
13. Baker, R. M. and Puckett, J. A. (2007), “Design of Highway Bridges an LRFD 
Approach,” 2nd Edition, John Wiley & Sons.  
14. Bondy, K. B. (2003), “Moment Redistribution: Principles and Practice Using ACI 
318-02,” PTI Journal, Vol.1, No.1, Jan., pp. 3-21. 
15. British Standard Institute (1997), “BS 8110: Structural Use of Concrete”.  
16. Campbell, T. I. and Chouinard, K. L. (1991), “Influence of Nonprestressed 
Reinforcement on the Strength of Unbonded Partially Prestressed Concrete Members,” 
ACI Structural Journal, Vol.88, No.5, Sep-Oct., pp. 546-551. 
17. Canadian Standards Association (1994), “Design of Concrete Structures” A23.3-94, 
Rexdale.  
18. Chakrabarti, P. R. and Whang, T. P. (1989), “Study of Partially Prestressed Beams 
with Unbonded Post-Tensioning,” Proceedings, Structures Congress, May 1-5, 
pp.189-200. 
19. Chakrabarti, P. R., Whang, T. P., Brown, W., Arsad, K. M. and Amezeua, E. (1994), 
“Unbonded Post-Tensioning Tendons and Partially Prestressed Beams,” ACI 
Structural Journal, Vol.91, No.5, Sep-Oct., pp.616-625. 
20. Chakrabarti, P. R. (1995), “Ultimate Stress for Un-bonded Post-Tensioning Tendons 




21. Cohn, M. Z. and Frostig, Y. (1983), “Inelastic Behavior of Continuous Prestressed 
Concrete Beams,” Journal of Structural Engineering, Vol.109, No.10, Oct., pp.2292-
2309. 
22. Collins, M. P. and Mitchell, D. (1991), Prestressed Concrete Structures, Prentice Hall, 
Englewood Cliff, New Jersey. 
23. Du, G. C. and Tao, X. K. (1985), “Ultimate Stress of Unbonded Tendons in Partially 
Prestressed Concrete Beams,” PCI Journal, Vol.30, Nov-Dec., pp.72-91. 
24. Du, J. S. (2000), “Design Theory of Unbonded Prestressed Concrete Bridge,” 
Dissertation for Doctor of Engineering (in Chinese), Tsinghua University, Beijing. 
25. Eurocode 2 (2004), “Design of Concrete Structures- Part 1-1: General Rules and Rules 
for Buildings,” EN1992-1-1, European Committee for Standardization, Brussels. 
26. Ghallab, A. and Beeby, A. W. (2002), “Ultimate Strength of Externally Strengthened 
Prestressed Beams,” Proceedings of the Institution of Civil Engineers, Structures & 
Buildings, Vol. 152, No. 4, Nov., pp.395-406.  
27. Gilbert, R. I. and Mickleborough, N. C. (1990), Design of Prestressed Concrete, 
Unwin Hyman, London. 
28. Grace, N. F. (2000), “Response of Continuous CFRP Prestressed Concrete Bridge 
Under Static and Repeated Loadings,” PCI Journal, Vol.45, No.6, Nov-Dec., pp.84-
102. 
29. Harajli, M. H. and Kanj, M. Y. (1991), “Ultimate Flexural Strength of Concrete 
Members Prestressed With Unbonded Tendons,” ACI Structural Journal, Vol.88, No. 
6, Nov-Dec, pp. 663-673. 
 References 
 178
30. Harajli, M. H. and Kanj, M. Y. (1992), “Service Load Behavior of Concrete Members 
Prestressed With Unbonded Tendons,” Journal of Structural Engineering, Vol.118, 
No.9, Sep., pp. 2569-2589. 
31. Harajli, M. H. (1993), “Strengthening of Concrete Beams By External Prestressing,” 
PCI Journal, Vol.38, Nov-Dec., pp. 76-88. 
32. Harajli, M., Khairallah, N. and Nassif, H. (1999), “Externally Prestressed Members: 
Evaluation of Second-Order Effects,” Journal of Structural Engineering, Vol.125, 
No.10, Oct., pp.1151-1161. 
33. Harajli, M. H., Mabsout, M. E. and Al-Hajj, J. A. (2002), “Response of Externally 
Post-Tensioned Continuous Members,” ACI Structural Journal, Vol.99, No.5, Sep-
Oct., pp. 671-680. 
34. Harajli, M. H. (2006), “On the Stress in Unbonded Tendons at Ultimate: Critical 
Assessment and Proposed Changes,” ACI Structural Journal, Vol.103, No.6, Nov-Dec., 
pp. 803-812. 
35. Khairallah, N. and Harajli, M. H. (1997), “Experimental Evaluation of the Behavior of 
Reinforced Concrete Beams Strengthened using External Prestressing,” Proceedings, 
The International Conference on Rehabilitation and Development of Civil Engineering 
Infrastructure Systems, June 9-11, American university of Beirut, Beirut-Lebanon, 
pp.1282-1293. 
36. Kobayashi, K. and Nieda, T. (1991), “Flexural Behavior of Unbonded Post-Tensioned 
Prestressed Concrete Beams,” Modern application of prestressed concrete: 
Proceedings of the International Symposium on Modern Applications of Prestressed 
Concrete, V.2, Sep. 3-6 1991, International Academic Publisher, Beijing, pp.250-257.  
 References 
 179
37. Lin, T. Y. (1963), “Load-Balancing Method for Design and Analysis of Prestressed 
Concrete Structures,” Journal of the American Concrete Institute, Vol.60, No.6, Jun., 
pp. 719-741.  
38. Discussions of above papers by Berger, H., Brotchie, J.F., Chandrasekhar, C.S., 
Veeraiah, C., and Rajagopalan, K.S., Green, N.B., Katow, T., Koons, R.L., and 
Schlegel, G.J., Leonhardt, F., Rozvany, G.I.N., Thornton, K.C., Vandepitte, D., Yang, 
Y.C., and author’s closure (1963), Journal of the American Concrete Institute, Vol.60, 
No.12, Dec., pp. 1843-1881. 
39. Lin, T. Y. and Thornton, K. (1972), “Secondary Moment and Moment Redistribution 
in Continuous Prestressed Concrete Beams,” PCI Journal, Vol.17, No.1, Jan-Feb., 
pp.8-20. 
40. Lin, T. Y. and Burns, N. H. (1981), “Design of Prestressed Concrete Structures,” 3rd 
Edition, John Wiley & Sons. 
41. Lopes, S. M. R., Harrop, J. and Gamble, A. E. (1997), “Study of Moment 
Redistribution in Prestrsssed Concrete Beams,” Journal of Structural Engineering, 
Vol.123, No.5, May, pp. 561-568. 
42. MacGregor, R. J. G. (1989a), “Strength and Ductility of Externally Post-Tensioned 
Segmental Box Girders,” PhD dissertation, The University of Texas at Austin. 
43. MacGregor, R. J. G., Kreger, M. E. and Breen, J. E. (1989b), “Strength and Ductility 
of a Three-Span Externally Post-Tensioned Segmental Box Girder Bridge Model,” 
Research Report No. 365-3F, Center for Transportation Research, The University of 
Texas at Austin, Austin. 
 References 
 180
44. Machida, A. and Chakree, B. (1999), “Flexural Behavior of Two-Span Partially 
Continuous Prestressed Concrete Beam with External Tendons,” IABSE Colloquium 
Phuket, pp.191-196. 
45. Manisekar, R. and Senthil, R. (2006), “Stress at Ultimate in Unbonded Post 
Tensioning Tendons for Simply Supported Beams: A-State-of-the-Art Review,” 
Advances in Structural Engineering, Vol.9, No.3, pp. 321-334. 
46. Mutsuyoshi, H., Tsuchida, K., Matupayont, S. and Machida, A. (1995), “Flexural 
Behavior and Proposal of Design Equation for Flexural Strength of Externally PC 
Members,” Journal of Material, Concrete Structures & Pavements, Japan Society of 
Civil Engineers, Vol. 26, No. 508, pp. 67-76. 
47. Naaman, A. E. and Alkhairi, F. M. (1991a), “Stress at Ultimate in Unbonded Post-
Tensioning Tendons: Part 1-Evaluation of the State-of-the-Art,” ACI Structural 
Journal, Vol.88, No. 5, Sep-Oct., pp. 641-651. 
48. Naaman, A. E. and Alkhairi, F. M. (1991b), “Stress at Ultimate in Unbonded Post-
Tensioning Tendons: Part 2- Proposed Methodology,” ACI Structural Journal, Vol.88, 
No. 6, Nov-Dec, pp. 683-692. 
49. Naaman, A. E., Burns, N., French, C., Gamble, W. and Mattock, A. H. (2002), “Stress 
in Unbonded Prestressing Tendons at Ultimate: Recommendation,” ACI Structural 
Journal, Vol.99, No.4, Jul-Aug., pp. 520-531. 
50. Naaman, A. E. (2004), “Prestressed Concrete Analysis and Design: Fundamentals,” 
2nd Edition, Techno Press 3000. 
51. Nilson, A. H. (1987), “Design of Prestressed Concrete”, John Wiley & Sons.  
52. Pannel, F. N. (1969), “The Ultimate Moment of Resistance of Unbonded Prestressed 
Concrete Beams,” Magazine of Concrete Research, V21, No.66, Mar., pp.43-54.  
 References 
 181
53. Pisani, M. A. (1999), “Strengthening by Means of External Prestressing,” Journal of 
Bridge Engineering, Vol.4, No.2, May, pp. 131-135. 
54. Roberts-Wollmann, C. L., Kreger, M. E., Rogovsky, D. M. and Breen, J. E. (2005), 
“Stress in External Tendons at Ultimate,” ACI Structural Journal, Vol.102, No.2, Mar-
Apr., pp. 206-213. 
55. Discussions of above papers by Du, J. S., Naaman, A. E. and author’s closure (2006), 
ACI Structural Journal, Vol.103, No.1 Jan-Feb., pp. 149-154. 
56. Tam, A. and Pannell, F. N. (1976), “The Ultimate Moment Resistance of Unbonded 
Partially Prestressed Reinforced Concrete Beams,” Magazine of Concrete Research, 
Vol.28, No.97, Dec., pp.203-208. 
57. Tan, K. H and Ng, C. K. (1997), “Effects of Deviators and Tendon Configuration on 
Behavior of Externally Prestressed Beams,” ACI Structural Journal, Vol.94, No.1, Jan-
Feb., pp. 13-22.  
58. Tan, K. H., Naaman, A. E., Mansur, M. A. and Ng, C. K. (1997), “External 
Prestressing in Structures,” Final Report (RP 930647), Jul., Department of Civil 
Engineering, National University of Singapore. 
59. Tan, K. H. (2002), External Prestressing in Continuous Beams, R-264-000-062-112 
Final Report, Mar., National University of Singapore, Singapore. 
60. Tan, K. H. and Tjandra, R. A. (2003), “Shear Deficiency in Reinforced Concrete 
Continuous Beams Strengthened with External Tendons,” ACI Structural Journal, 






61. Tan, K. H. (2006), “Strengthening of RC Beams Based on Load-Balancing Method,” 
in CD-Rom, Proceedings of The International Conference on Civil Engineering 
Infrastructure Systems (CEIS 2006), June 12-14, American university of Beirut, 
Beirut-Lebanon, Arabic Scientific Publisher, Beirut. 
62. Tan, K. H. and Tjandra, R. A. (2007), “Strengthening of RC Continuous Beams by 






A simple-span T beam with a span of 8 m, and subjected to uniform loading as 
shown in Fig. A1(a), is to be strengthened to carry additional loads equals to 30%  of its 




 sd  = 450 mm, yf  = 460 
MPa and 'cf  = 30 MPa, and other dimensions are as shown in Fig. A1(a).     
Before strengthening, the depth of concrete compression block at ultimate flexural 














 mm      (A1) 





×−=β = 0.84       (A2) 
Therefore, the nominal moment capacity of the beam is: 
60 81.2( ) 2250 460 (450 ) 10
2 2n s y s
aM A f d −= − = × × − × = 423.7 kNm   (A3) 
 The corresponding uniform load on the beam is 423.7 kN; thus the required increase in 
load-carrying capacity is 0.3 423.7×  = 127.1 kN.   
Assume that the beam is strengthened with external tendons having puf = 1900 
MPa, pyf =1786 MPa, and psE = 195000 MPa.  To ensure satisfactory performance of the 
strengthened beams at both serviceability and ultimate limit states, the effective tendon 
depth, pd , should be between 0.65 and 0.9 times the overall beam height, and the 
effective tendon prestress, pef , should be between 0.4 and 0.65 times the tendon strength 
 Appendix 
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(Tan et al. 1997).  Adopt pd = 425 mm (= 0.85h ) which gives me = 247.1 mm, and pef = 
950 MPa (= 0.5 puf ).  As the beam is carrying uniform load, a parabolic tendon profile will 
be provided.   
 
Case (a):  Preliminary (Simplified) Design  






f A= + +
×
×
       (A4) 
Substituting the value of psf   from Eq. (A4) into “Simplified Equation” (3.21) gives: 





A A× + + × = ×
×
×
    (A5) 




Case (b): Refined Design  
Using Eq. (3.9), 
2.81
45084.0375.0 ××
=K =1.75        (A6) 
The tendon stress can be evaluated from Eqs. (3.22), (3.24) or (3.27).  Using Eq. (3.24): 
8000
84.0/2.8175.14251950000315.0950 ×−××+=psf = 1146 N/mm2  (A7) 









+××× psA     (A8) 
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which results in psA = 353.8 mm
2
.  Compared to Case (a), a smaller tendon area is needed 
because the “Simplified Equation” is more conservative, as previously noted. 
 
Case (c):  Evaluation of increase in load-carrying capacity 
In this case, the tendon properties are known. Again, the tendon stress can be 
evaluated using any of the Eqs. (3.22), (3.24) and (3.27).  As an illustration, Eq. (3.27) is 
used.  Since the value of ceε  is generally small compared to the other terms, it will be 






××+=psf  = 1204 N/mm2  (A9) 
Since sA = 2250 mm
2
, sd = 450 mm, psA = 353.8 mm
2
, and pd = 425 mm, one 
gets sρ =1%, pρ =0.17%, χ =0.65.  Thus, from Eq. (3.11): 
450
42565.01 ×+=K =1.61        (A10) 









+×××=∆ uP =135.9 kN > 127.1 kN 
On the other hand, by substituting Eq. (A9), and psA = 441.8 mm2 into Eq. (3.21), 
the increase in load-carrying capacity based on the “Simplified Equation” would be:  
3247.18 441.8 1204 10
8000u






(a) Before strengthening 
 
 
(b) Layout of external tendon 
 
Fig. A1  Simple span T-beam under uniform load  (1 in. = 25.4 mm) 
 





Equation (4.19) can be derived using the strut-and-tie model (STM) as follows.  In 
this method, the beam is idealized as a truss with the concrete stress fields forming the 
struts or compression members, and the internal reinforcement and external tendons 
forming the tie or tension members.  The beam is assumed to be adequate in terms of 
shear capacity. 
STM FOR BEAMS WITH CONTINUOUS TENDONS DRAPED AT LOADING 
POINTS 
Fig. B1(a) shows the strut-and-tie model adopted for the strengthened beam in Fig. 
4.1.  For clarity, the simplified force diagram is shown in Fig. B1(b).  The strut-and-tie 
model can be divided into two sub-models, one for the original beam shown in Fig. B1(c), 
and the other comprising the external tendons with newly formed struts as shown in Fig. 
B1(d).  Thus, the increase in load-carrying capacity can be taken as that carried by the 
sub-model shown in B1(d).    
Considering the left span of the beam in Fig. B1(d), vertical force equilibrium 
gives: 
351431 sinsinsinsin γγθθ ccCKpsn FFFFP +++=∆      (B1) 
where psF  and CKF  are the tendon forces in segment H1B and CK  respectively, 4cF  and 
5cF  are forces in strut member H1I3 and D3J5 respectively, 1γ  is the angle between the 













=         (B2) 

















































=      (B4) 








θ −= 23tan          (B6) 
in which 2me  is the tendon eccentricities at the inner loading point and given by: 
smm eee )21(12 α−+=          (B7) 







psCK FF =          (B8) 








psc FF =          (B9) 








psc FF =          (B10) 
Substituting Eqs. (B8), (B9) and (B10) into (B1), one can get: 
3111311 tancostancostancossin γθγθθθθ pspspspsn FFFFP +++=∆   (B11) 
 Appendix 
 189
Assuming small values of 1θ , then 1cos 1 ≈θ  and 11 tansin θθ ≈ .  The increase in 
load-carrying capacity in one span can be evaluated as: 
3131 tantantantan γγθθ pspspspsn FFFFP +++≈∆      (B12) 
Substituting 1tanγ , 3tanγ , 1tanθ  and 3tanθ  from Eqs. (B2), (B4), (B5) and (B6) 







































  (B13) 
STM FOR BEAMS WITH DISCRETE TENDONS 
  For the beam provided with isolated tendons at the bottom of the beam in Fig. B2, 







         (B14) 















=        (B15) 








F =           (B16) 
where 1psF  is the tendon forces provided at the span of the beam.   
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Assuming small values of 1γ , then 1cos 1 ≈γ  and 11 tansin γγ ≈ , and substituting 















=∆        (B17) 
 For the beam provided with discrete tendons at the interior support shown in Fig. 
B3, the proportioning of force in tie CE and DE follows the moment produced by the two 
forces about node E respectively. 
Vertical force equilibrium at node B gives: 
5544 sin2sin2 γγ ccn FFP +=∆        (B18) 
where 4cF  and 5cF  are the compression forces in struts BC and BD respectively, 4γ  and 




























5        (B20) 












=          (B21) 
where 2psF  is the tendon forces cross the interior support.   








F =           (B22) 
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 Assuming small values of 4γ  and 5γ , then 44 tansin γγ ≈  and 55 tansin γγ ≈ , 
substituting Eq. (B19), (B20), (B21) and (B22) into (B18) and rearranging, the increase in 
load-carrying capacity is given by: 
])1(
2




P −+−=∆        (B23) 
 For beams provided with discrete tendons at both bottom within the span and at the 
top over the interior support, as shown in Fig. B4, the increase in load-carrying capacity is 






























   (B24) 
For beams with continuous tendons, pspsps FFF == 21 , then Eq. (B24) is identical 





(a) Strut-and-tie model for strengthened beam 
 
 
(b) Force diagram 
 
 
(c) Sub-model engaging internal reinforcement 
 
Fig. B1 Two-span continuous beam carrying two point loads, strengthened with doubly-







(d) Sub-model engaging external tendons 
 
Fig. B1 Two-span continuous beam carrying two point loads, strengthened with doubly-



















(b) Sub-model for left span 
 








The tertiary effects on beams strengthened with external tendons in RC frames are 
studied herein.  Fig. C1 shows a single-storey, multiple-span frame subject to a lateral 
load at both ends of the continuous beam due to external post-tensioning load.  The 
stiffness center of the frame is shown as point G.  Also, L  is the beam span, iX  is the 
distance of column i to point G.  Since point G is not affected by the axial shortening of 
the beam, only the frame members located to one side of G are considered as shown in Fig. 
C2. 
Assuming that all beams segments have the same section, the total shortening of 








=∆  (C1) 
where iP∆  is the force carried by the i
th
 columns (that is, the resultant of shear forces 
above and below the beam), iL  is the beam span for the ith span, iX  is the distance of the 
ith column to point G, E  is the Young’s modulus of concrete, BA  is the beam cross 
sectional area. 













      (C2) 
On the other hand, the displacement of the column at A, in terms of the lateral 







=∆           (C3) 
where 1K  is the lateral stiffness of the 1
st




= , in which 1λ  
is the modification factor for the stiffness of the 1st column, H  is the column height and 
1I  is the moment of inertial of the 1
st
 column. 
Due to the deformation compatibility, the terms on the right hand side of Eq. (C2) 
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P )( 21 ∆−⋅⋅⋅−∆−∆−
=
∆
      (C6) 
 As the second term on the right-hand side of Eq. (C4) and (C5) are much smaller 






















        (C8) 
M        
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Further simplification the equations can be made by ignoring the difference in the 
axial forces along the beams, and assuming that the columns have the same height.  Thus, 








P jjj ∆=∆          (C9) 
where 1X  and jX  are the distances of the 1
st
 and the jth column to point G, 1K  and jK  
are the lateral stiffness of the 1st and the jth column, 1P∆  and jP∆  are the forces taken by 
the 1st and the jth column, respectively. 
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     (C11) 
Equating Eq. (C11) and (C3) and rearranging, the force carried by the 1st column is 
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=∆       (C13) 
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=           (C15)  












































     (C16) 
where jλ  is the modification factor for the stiffness of the jth column, H  is the column 
height and jI  is the moment of inertial of the jth column. 
 Eq. (C16) gives an estimate on the tertiary effects in the frame with reasonable 
accuracy.  In the formulation, the column stiffness, 1CI , CjI , span length jL , distance jX  
and number of spans i  are considered.  When the column stiffness and number of span 
increase, the force carried by the column will increase accordingly, and the compressive 
force transferred to the beams will reduce.  The reduction in compressive forces in the 
beams increases from the outer span to the inner span due to the accumulative nature.  As 
for the columns, the moments and shear forces in the column due to tertiary effects 
increase with the increasing column stiffness, span length and number of span.  If the 
columns have the same section property, the influence of tertiary effects on the outer 
columns is higher than on inner columns.   
 The moments and shear forces in the columns depend on the stiffness of the 
column and the relative end displacements of the columns; thus the influence of external 
post-tensioning on existing RC frames can be qualitatively evaluated to determine the 
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most critical condition.  In the strengthening of a multistory frame, if the frame is post-
tensioned one storey at a time from the bottom to the top, then the ground floor column 
will have the highest moments and shear forces due to the largest relative movements as 
shown in Fig C3.  If only one storey is post-tensioned as shown in Fig C4, the columns 
above and below this story will have higher moments and shear forces.     
 If the frames have very stiff columns at the outer spans, the external post-
tensioning would not be efficient in increasing the load-carrying capacity, as a large 
portion of the prestressing forces are counteracted by the columns through bending and 
the prestressing forces transferred to the beams are reduced substantially.  Meanwhile, due 
to the great stiffness, high moments and shear forces are induced in the columns, which 
may cause cracking in the columns or even cause failure of such columns.  Collins and 
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